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ABSTRACT 


The  boundary  vorticity  method  is  developed  to  overcome 
the  extremely  slow  convergence  of  the  existing  numerical  methods 
of  solution  for  the  biharmonic  equation  in  polar  coordinates. 
This  method  determines  numerically  the  vorticity  function 
at  the  boundary  and  has  the  advantage  that  two  second  order 
partial  differential  equations  are  solved  instead  of  a  single 
fourth  order  biharmonic  equation.  The  distinctive  features 
of  the  new  method  are  simplicity,  computational  stability  and 
a  significant  saving  in  computing  time  as  compared  with  the 
conventional  method. 

As  an  application  of  the  boundary  vorticity  method  to 
a  class  of  forced  convective  heat  transfer  problems  where  the 
secondary  flow  is  set  up  immediately  with  the  appearance  of 
body  forces  normal  to  the  main  flow  in  a  channel,  a  well-known 
problem  of  fully  developed  combined  free  and  forced  laminar 
convection  in  uniformly  heated  horizontal  tubes  is  solved 
numerical ly. 

In  another  class  of  forced  convective  heat  transfer 
problems  where  the  density  (or  temperature)  gradient  is 
parallel  to  the  body  force  direction,  thermal  instability  of 
free  convection  flows  appears.  As  an  example,  the  onset  of 
buoyancy-genera  ted  longitudinal  vortex  rolls  is  studied  both 
theoretically  and  experimentally  for  fully  developed  laminar 
forced  convection  between  two  infinite  horizontal  plates  where 


. 


each  wall  is  subjected  to  identical  uniform  axial  temperature 


gradient  but  maintained  at  temperatures  T-^  and  T ^  ( T i  >  T2> 

T-|  <  ^  and  T-j  =  T2)  at  lower  and  upper  surfaces,  res  pec ti vely . 

The  onset  of  longitudinal  vortex  rolls  is  verified  for  air  by 
a  direct  flow  visualization  technique  using  cigarette  smoke 
and  is  confirmed  also  by  transverse  temperature  profile  measure¬ 
ment.  The  experimental  results  for  the  critical  Rayleigh  number 
are  compared  with  theory  and  the  agreement  is  found  to  be  good. 

After  studying  the  thermal  instability  in  plane  Poiseuill 
flow,  finite  amplitude  thermal  convection  considering  the  non¬ 
linear  effect  in  the  post-critical  regime  is  studied  numerically 
by  using  the  boundary  vorticity  method  and  its  improved  (or 
modified)  iterative  scheme  based  on  the  assumption  that  the 
wave  number  does  not  deviate  from  that  predicted  by  the  linear 
stability  analysis. 

A  study  of  the  Prandtl  number  effect  for  the  forced 
convective  heat  transfer  with  secondary  flow  reveals  that  all 
the  heat  transfer  results  for  Pr  ^0(1)  approach  the  asymp¬ 
totic  result  for  Pr  00  by  using  a  suitable  parameter. 

The  results  of  the  present  investigation  indicate 
that  the  boundary  vorticity  method  can  be  considered  as  a 
general  procedure  for  the  numerical  solution  of  forced  con¬ 
vective  heat  transfer  problem  with  secondary  flow. 
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CHAPTER  I 


GENERAL  INTRODUCTION 


When  body  forces  (buoyancy,  Coriolis  and  centrifugal 
forces)  act  in  a  direction  normal  to  the  main  flow  for  fully 
developed  laminar  forced  convection  in  channels  of  various 
shapes,  a  secondary  motion  will  be  set  up  after  the  dimen¬ 
sionless  characteristic  parameter  determined  by  the  given 
body  force  and  the  flow  field  reaches  a  critical  value.  This 
secondary  motion  is  known  to  modify  the  axial  velocity  profile 
and  temperature  field  with  subsequent  increase  in  the  friction 
factor  and  the  Nusselt  number.  For  the  familiar  cases  of 
uniformly  heated  horizontal  tubes,  tubes  rotating  about  an 
axis  perpendicular  or  parallel  to  the  axis  of  the  tube  and 
curved  pipes,  the  secondary  motion  will  be  set  up  with  the 
appearance  of  the  body  forces  and  the  critical  value  of  the 
characteristic  parameter  governing  the  onset  of  secondary 
flow  can  be  considered  as  0.  On  the  other  hand,  under  certain 
circumstances  the  body  forces  acting  on  the  fluid  element  may 
not  be  large  enough  to  overcome  the  stabilizing  effects  of 
viscous  and  thermal  diffusion  leading  to  a  thermal  instability 
p  rob  1 em . 

The  secondary  flow  pattern  will  depend  on  a  particular 
combination  of  the  kind  of  body  forces  and  the  geometrical 
shape  of  the  flow  passage  but  is  known  to  be  qualitatively 
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similar  for  different  body  forces  with  the  same  geometrical 
shape  of  the  channel  .  Although  various  noncircular  channels 
may  be  encountered  in  practical  design  configurations,  con¬ 
sideration  is  given  here  to  only  two  important  geometrical 
shapes,  namely,  circular  tube  and  rectangular  channel  „ 

In  order  to  put  the  scope  of  the  present  work  into 
proper  perspective,  the  possible  combinations  of  the  body 
force  (buoyancy,  Coriolis  or  centrifugal  force)  with  circular 
tube  or  rectangular  channel  for  the  convective  heat  transfer 
problems  will  be  considered  next: 

(a)  For  a  combination  of  circular  tube  with  buoyancy 
force,  we  can  mention  the  familar  problems  of  uniformly  heated 
horizontal  tube  and  uniformly  heated  tube  rotating  about  an 
axis  parallel  to  the  axis  of  the  tube.  The  former  deals  with 
body  force  due  to  temperature  variation  in  the  gravitational 
force  field  and  the  latter  deals  with  the  body  force  due  to 
acceleration  in  the  rotating  field. 

(b)  A  combination  of  buoyancy  force  in  the  gravita¬ 
tional  field  or  accelerating  rotating  field  with  the  rectan¬ 
gular  channel  leads  to  several  interesting  cases.  For  the 
horizontal  rectangular  channel,  secondary  flow  can  arise  when 
the  walls  are  uniformly  heated  or  either  the  side  wall  or 
the  bottom  wall  is  maintained  at  higher  temperature.  For 
the  limiting  case  of  a  flat  rectangular  duct  or  a  parallel- 
plate  channel,  a  secondary  flow  in  the  form  of  an  infinite 
pairs  of  vortex  rolls  may  appear  at  a  certain  critical 
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value  of  the  characteristic  parameter  depending  on  the  hydro- 
dynamic  and  thermal  conditions.  The  thermal  instability 
problem  for  the  fully  developed  laminar  forced  convection 
between  two  infinite  horizontal  plates  will  be  studied  exten¬ 
sively  in  this  thesis.  For  a  fully  developed  laminar  flow  in 
uniformly  heated  horizontal  rectangular  channel  with  a  large 
aspect  ratio  (width/height),  a  boundary-va 1 ue  problem  for  the 
free  convection  exists  near  the  side  walls  and  thermal  in¬ 
stability  problem  may  exist  in  the  central  region. 

(c)  A  combination  of  centrifugal  force  and  circular 
tube  can  be  found  in  forced  convective  heat  transfer  in  curved 
pipes.  Curved  pipes  and  spiral  pipes  are  used  extensively 

in  various  heat  exchanger  equipments. 

(d)  A  similar  combination  of  centrifugal  force  and 
rectangular  channel  can  be  found  in  the  form  of  curved  rec¬ 
tangular  channels  in  various  heating  and  cooling  equipments. 

In  particular,  a  curved  rectangular  channel  with  large  aspect 
ratio  (height/width)  may  lead  to  a  limiting  case  of  tangential 
flow  between  two  concentric  cylinders  giving  rise  again  to  a 
stability  problem. 

(e)  A  combination  of  Coriolis  force  and  circular  tube 
can  be  found  in  the  form  of  a  heated  straight  tube  rotating 
about  an  axis  perpendicular  to  the  axis  of  the  tube  for  the 
cooling  of  gas  turbine  blades. 

(f)  A  combination  of  Coriolis  force  and  rectangular 
channel  with  various  aspect  ratios  can  arise  in  the  form  of 
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uniformly  heated  rectangular  channel  rotating  about  an  axis 
perpendicular  to  the  axis  of  the  channel.  It  is  interesting 
to  note  that  the  limiting  case  of  a  para  1 1  el -pi  a te  channel 
with  infinite  plates  parallel  to  the  rotating  axis  also  leads 
to  a  stability  problem. 

It  is  noted  that  more  than  one  kind  of  body  forces 
may  coexist  in  a  given  forced  convection  problem.  For  example, 
for  the  uniformly  heated  helical  tubes  with  small  radius  of 
curvature,  buoyancy  and  Coriolis  forces  may  have  to  be  conside¬ 
red  in  addition  to  the  centrifugal  forces  under  certain  circum¬ 
stances.  Furthermore,  the  inclined  tube  effect  may  be  of 
importance.  After  considering  possible  combinations  of  the 
body  force  and  the  geometrical  shape,  the  methods  of  theore¬ 
tical  analysis  available  in  the  literature  for  forced  convec¬ 
tive  heat  transfer  with  secondary  flow  will  be  reviewed  briefly. 

For  the  low  characteristic  parameter  region  near  the 
critical  value  (zero  or  finite),  the  intensity  of  the  secon¬ 
dary  flow  is  rather  weak  and  a  perturbation  method  is  known 
to  be  applicable.  However,  it  is  also  known  that  Morton's 
perturbation  method  diverges  quickly  with  the  increase  of 
the  characteristic  parameter  and  fails  to  yield  solution  for 
the  practically  important  range  of  characteristic  parameter. 
Morton's  perturbation  approach  is  also  limited  to  the  secon¬ 
dary  flow  problem  involving  circular  tube  and  cannot  be 
readily  applied  to  the  noncircular  channel  such  as  square 
channel  problem.  On  the  other  hand,  for  the  post-critical 
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regime  near  the  critical  characteristic  parameter,  a  per¬ 
turbation  theory  based  on  Stuart's  energy -ba 1  a  nee  method  is 
known  to  be  applicable  to  the  fully  developed  laminar  forced 
convection  with  secondary  flow  between  two  infinite  parallel 
plates  which  is  a  limiting  case  of  a  rectangular  channel  with 
large  aspect  ratio.  However,  an  appreciable  error  is  found 
for  flow  and  heat  transfer  results  at  a  charac ter i s ti c  para¬ 
meter  say  ten  times  the  critical  value.  At  this  point,  it 
may  be  of  interest  to  note  that  in  the  case  of  buoyancy  forces, 
the  momentum  and  energy  equations  are  coupled.  For  the  case 
of  centrifugal  forces,  the  momentum  and  energy  equations  are 
uncoupled  within  the  assumption  of  constant  physical  proper¬ 
ties.  However,  the  methods  of  analysis  for  various  convective 
heat  transfer  problems  with  secondary  flow  are  similar. 

For  the  high  characteristic  parameter  regime,  the 
intensity  of  the  secondary  flow  is  strong  and  the  flow  field 
may  be  divided  into  a  core  region  and  a  boundary  layer  near 
the  wall.  In  the  core  region  the  viscosity  and  heat  conduction 
can  be  neglected  and  the  body  force  is  approximately  balanced 
by  a  pressure  gradient  across  the  cross-section.  Consequently, 
the  secondary  flow  in  the  direction  of  body  force  can  be  con¬ 
sidered  as  approximately  uniform  in  the  core  region.  On  the 
other  hand,  inside  the  boundary  layer  near  the  wall,  the  body 
force  is  small  and  the  secondary  flow  is  driven  by  a  pressure 
gradient.  Although  the  boundary-layer  technique  proves  to 
be  very  useful  for  the  prediction  of  flow  and  heat  transfer 
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results  in  high  parameter  regime,  the  assumption  of  uniform 
boundary  layer  thickness  along  the  entire  wall  does  lead  to 
some  error  and  the  method  must  be  considered  as  an  approximate 
one.  For  the  convective  heat  transfer  in  the  circular  tube 
with  strong  secondary  flow,  the  analysis  involves  the  solutions 
of  the  governing  equations  for  continuity,  momentum  and  energy 
for  the  flows  in  both  the  core  region  and  the  boundary  layer 
such  that  the  two  solutions  match  at  the  edge  of  the  boundary 
layer.  The  above  method  using  basic  equations  cannot  be 
readily  applied  to  the  noncircular  channel  and  the  extension 
of  the  Stuart's  energy-balance  method  considering  the  balances 
of  kinetic  energy  and  entropy  production  for  the  boundary 
layers  is  found  to  be  more  convenient. 

The  above  brief  review  on  the  analytical  methods  of 
solution  for  forced  convective  heat  transfer  with  secondary 
flow  reveals  clearly  that  no  analytical  method  is  available 
for  the  approximate  solution  in  the  intermediate  range  of  the 
characteristic  parameter.  One  of  the  purposes  of  this  in¬ 
vestigation  is  to  bridge  the  gap  between  the  perturbation 
method  for  the  relatively  low  parameter  range  and  the  boundary- 
layer  technique  for  the  high  parameter  region  by  the  numeri¬ 
cal  solution  using  the  newly  developed  algorithm  called 
boundary  vorticity  method.  The  new  numerical  method  of 
analysis  is  believed  to  have  wide  applicability  to  various 
forced  convective  heat  transfer  problems  with  secondary  flow. 

In  order  to  demonstrate  the  applicability  of  the  newly  deve- 
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loped  numerical  technique,  combined  free  and  forced  laminar 
convection  for  fully  developed  flow  in  uniformly  heated 
horizontal  tubes  is  studied  numerically  in  this  thesis. 

After  studying  the  thermal  instability  problem  in  plane 
Poiseuille  flow,  the  boundary  vorticity  method  is  again 
employed  to  solve  the  finite  amplitude  thermal  convection 
problem  in  the  post-critical  regime  for  the  plane  Poiseuille 
flow.  The  onset  of  thermal  instability  in  plane  Poiseuille 
flow  is  also  verified  experimentally  by  using  air  as  a  work¬ 
ing  fluid. 

The  following  schematic  diagram  serves  to  demonstrate 
the  general  structure  of  the  thesis,  the  topics  treated  and 
the  interrelationships  among  them. 
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Fig.  1.1  Structure  of  the  thesis 


CHAPTER  II 


BOUNDARY  VORTICITY  METHOD 


2 .  1  Introduction 

In  steady  state  two-dimensional  fluid  mechanics  pro¬ 
blems,  we  often  encounter  the  solution  of  a  quasi -linear 
partial  differential  equation  involving  a  biharmonic  operator, 
namely,  the  following  vorticity  transport  equation: 
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where  vf  =  . 9  +  ■>,  and  f'  is  a  known  function. 

1  9  x '  9y ' 

Analytical  solution  of  the  above  fourth  order  quasi-linear 
elliptic  partial  differential  equation  (2.1)  is  in  general 
very  difficult  and  the  finite-difference  method  is  used  most 
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commonly  in  recent  years  for  the  solution  of  various  engineer¬ 
ing  problems. 

The  numerical  solution  of  the  biharmonic  equation 
without  the  nonlinear  terms  in  equation  (2.1)  has  been 
studied  for  many  years.  In  1954,  Cornock  [2.1]  showed  a 
rather  tedious  conventional  finite  difference  approximation 
to  the  biharmonic  equation  formulated  in  Cartesian  coordinate 
system.  He  also  suggested  that  it  is  probably  advantageous 
to  use  two  second  order  equations  instead  of  a  fourth  order 
one.  In  1958,  Conte  and  Dames  [2.2]  successfully  solved  the 
b i harmonic  equation  by  an  Alternating  Direction  Method.  With 
the  symmetry  property  of  the  iterative  matrix,  they  derived 
an  iteration  parameter  which  leads  to  a  quite  fast  convergence 
rate.  However,  for  a  problem  formulated  in  polar  coordinate 
system,  with  or  without  nonlinear  terms,  the  iteration  para¬ 
meter  cannot  be  found.  In  1960,  Keller  [2.3]  proved  that  the 
"best"  biharmonic  numerical  scheme  converges  much  slower  than 
the  "best"  Laplace  scheme.  Recently,  Newell  and  Bergles 
[2.4]  solved  combined  free  and  forced  convection  problem  in 
horizontal  circular  tubes  similar  to  the  one  which  will  be 
discussed  in  Chapter  III  by  using  point  successive  over¬ 
relaxation  or  underrelaxation  method.  Their  results  show 
that  it  requires  considerable  computing  time  which  is  con¬ 
sidered  to  be  impractical  (II  hours  on  IBM  7040  to  obtain  a 
solution  for  an  intermediate  parameter). 

Summarizing  the  above  brief  literature  survey,  we  can 


1 1 


conclude  that  the  existing  finite-difference  iterative  method 
is  too  inefficient  and  impractical  for  solving  the  fourth 
order  partial  differential  equation  involving  biharmonic 
operator  particularly  for  the  problem  formulated  in  polar 
coordinate  system.  The  slow  convergence  rate  and  the  rather 
involved  algebraic  expression  for  the  biharmonic  operator 
as  compared  with  a  harmonic  operator  may  discourage  us  from 
further  attempt  in  the  numerical  solution.  Before  the  refer¬ 
ence  [2.4]  appeared,  an  attempt  had  been  made  to  solve  the 
combined  free  and  forced  convection  problem  in  horizontal 
circular  tubes  using  the  technique  employed  in  my  earlier 
work  [2.5],  The  numerical  methods  used  in  references  [2.4, 

2.5]  are  similar.  However,  the  technique  used  in  [2.5]  was 
found  to  be  too  inefficient  for  the  problem  formulated  in 
polar  coordinates.  Consequently,  the  boundary  vorticity  method 
was  developed  where  the  undefined  vorticity  function  on  solid 
boundaries  can  be  determined  numerically.  Because  of  this 
development,  the  fourth  order  partial  differential  equation 
(2.1)  can  now  be  reduced  to  a  Poisson's  equation  (2.3)  and  a 
quasi-1 inear  second  order  partial  differential  equation  for 
vorticity  function  (2.2).  As  pointed  out  in  references  [2.1] 
and  [2.3],  it  is  not  difficult  to  see  the  advantages  of  the 
present  method.  The  number  of  iterations  required  for  a  con¬ 
vergent  solution  will  be  much  less  than  the  point  successive 
overrelaxation  or  underrelaxation  method  employed  by  Newell 
and  Bergles  [2.4].  Besides  the  fluid  mechanics  problems,  we 
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can  cite  many  problems  in  solid  mechanics  where  this  simple 
and  yet  efficient  numerical  method  can  be  applied„  It  will 
be  seen  that  the  method  can  be  applied  to  the  problems  which 
will  be  discussed  in  Chapters  III  and  VI  with  considerable 


success . 
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2 . 2  New  Numerical  Method  for  the  Computation  of  Boundary 

V  o  r  t  i  c  i  ty 

In  order  to  demonstrate  the  method  clearly  without 
any  loss  of  generality,  the  nonlinear  terms  in  the  equations 
( 2  o 1 )  and  (2.2)  will  be  omitted  for  the  present  discussion. 
For  the  numerical  solution  of  the  problem  which  will  be  con¬ 
sidered  in  Chapters  III  and  VI,  the  nonlinear  terms  in  equa¬ 
tions  (2.1)  and  (2.2)  are  linearized  by  taking  the  values  of 

and  ^-r  obtained  from  the  previous  iteration  step.  Neg- 
ay  a  x 

lecting  the  nonlinear  terms,  equations  (2.1),  (2.2)  and  (2.3) 
can  be  put  in  the  following  dimensionless  forms,  respectively 
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or  alternatively, 
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For  simplicity,  we  consider  the  solution  of  equations  (2.5) 
and  (2.6)  for  a  region  of  unit  square  (see  Fig.  2.1)  with 
boundary  conditions  identical  to  the  ones  which  will  be  used 
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in  Chapter  VI,  The  number  of  meshes  considered  is  3  x  3  =  9. 
Usually,  for  the  problems  studied  in  this  thesis,  it  will 
require  about  500  to  1600  meshes  to  obtain  a  numerical  solu- 

_  o 

tion  with  a  truncation  error  of  the  order  of  10  .  The 

coordinate  system,  boundary  conditions  and  nodal  points  are 
shown  in  Fig.  2.1. 
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Fig.  2.1  Coordinate  system  for  a  physical 
model  with  boundary  conditions 


Physically,  the  lines  0A  and  BC  represent  parts  of  two  infinite 
horizontal  plates  and  lines  0C  and  AB  represent  lines  of 
symmetry.  For  the  problem  which  will  be  studied  in  Chapter 
VI,  there  is  an  infinite  number  of  vortex  rolls  appearing 
between  the  two  infinite  horizontal  plates.  By  the  symmetry, 
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only  the  region  OABC  needs  consideration  for  the  study  of  a 
vortex  roll. 

The  significance  of  the  boundary  vorticity  method  is 
to  determine  the  boundary  vorticity  numerically  on  the  boun¬ 
dary  lines  OA  and  BC  and  propose  to  use  equations  (2.5)  and 
(2°6)  instead  of  equation  (2.4)  for  obtaining  a  greater  con¬ 
vergence  rate  and  simpler  algebraic  expressions.  Two  methods 
are  available  for  the  determination  of  the  boundary  vorticity 
and  these  will  be  discussed  next. 

Method  (a):  Referring  to  Fig.  2.1,  the  equations 
and  the  boundary  conditions  are 
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It  is  seen  that  we  must  determine  the  vorticity  £  on 
the  boundaries  OA  and  BC  such  that  the  stream  function  ip  ■  0 
on  the  same  1  i nes . 

Using  a  five-point  finite-difference  approximation 
and  considering  the  boundary  conditions  in  (2  ,?)s  the  system 
of  linear  algebraic  equations  to  be  solved  after  discretizing 
the  equation  In  (2,7)  Is  shown  below  as 
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It  is  noted  that  the  elements  £- j,  £4*  and  shown  on  the 
right-hand  side  of  equation  (2.8)  and  the  last  column  vector 
of  equation  (2.9)  are  the  unknown  boundary  vorticities  to  be 
determined.  We  further  note  that  a  total  of  12  algebraic 
equations  for  16  unknowns  are  obtained.  Theoretically,  we 
can  eliminate  8  unknowns  at  the  interior  points  2,  3,  6  and 
7  with  the  following  four  equations  remaining  for  the  8 
unknowns  at  the  boundary  points  1,  4,  5  and  8, 
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or  in  a  vector  form, 
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where  subscript  b  refers  to  the  boundary  points.  Using  the 
remaining  boundary  condition  ip  =  0  on  boundaries  0A  and  BC, 
the  boundary  vorticity  can  be  obtained  as 


5b  =  -  A'1  k  .  (2.12) 

The  above  elimination  method  is  impractical  for  a  system  with 
say  10  unknowns  since  the  matrix  A  cannot  be  found  readily. 

The  following  numerical  technique  may  be  suggested 
to  evaluate  the  matrix  A  and  the  vector  k_.  We  note  that 
there  are  a  total  of  20  unknowns  for  the  elements  of  the 
matrix  A  and  the  vector  k_.  By  assuming  5  different  vectors 
for  and  solving  the  equations  (2.8)  and  (2.9),  5  different 
vectors  can  be  obtained  and  20  equations  exist  for  the  20 
unknown  elements  of  the  matrix  A  and  the  vector  k^.  This 
procedure  is  also  impractical  for  a  large  system  with  say  100 
unknowns  . 
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It  will  be  shown  that  the  most  significant  point  of 
the  boundary  vorticity  method  is  the  fact  that  we  do  not 
need  to  solve  for  all  the  boundary  vorticities  simultaneously* 

It  is  possible  to  apply  a  line  iterative  scheme  to  obtain  a 
convergent  solution.  We  note  that  a  very  efficient  numerical 
technique  called  Gaussian  elimination  method  (see  Appendix  2,1) 
can  be  applied  to  solve  a  system  of  algebraic  equations  with 
a  tridiagonal  matrix.  Then,  the  system  of  algebraic  equations  on 
each  verti cal  line  (see  Fig .  2.1 )  with  a  tridiagonal  matrix  can 
be  solved  simultaneously.  Employing  the  line  iterative  method, 
we  are  able  to  solve  the  boundary  vorticity  exactly  (on  each 
line  separately)  together  with  the  other  unknowns  on  each 
line  and  iterate  until  the  solution  converges. 

For  example,  consider  the  first  line  at  x  =  |;  the 
algebraic  equations  for  this  line  can  be  written  as  follows: 


-4 

1 


h2f2  -  ?!  -  S6 
h2f3  -  C4  -  C7 


(2.13) 


-4  2  0  0 

*i 

= 

h2Ci  -  t5 

1-410 

♦2 

h252  -  n 

0  1-41 

*3 

h2S3  -  <P7 

0  0  2  -4 

_h%  *  *8_ 

(2.14) 
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2 

It  is  noted  that  the  values  on  the  line  x  =  j  from  the  latest 
iteration  step  are  to  be  used  in  the  above  equations  (2.13) 
and  (2.14).  After  eliminating  the  unknowns  at  points  2  and 
3,  we  obtain  the  following  linear  relation  between  \ 
and  ^4* 


(2.15) 


The  discovery  of  the  linear  relation  (2.15)  is  the  key  to 
the  success  of  the  boundary  vorticity  method.  We  can  easily 
obtain  the  boundary  vorticities  (C-j  and  £^)  by  using  the 
boundary  conditions  ip-j  =  =  0.  The  result  is 


^1 

=  _ 

an 

a  1  2 

-1 

ki 

^  4 

a21 

a22 

k2 

(2.16) 


The  procedure  of  finding  the  elements  a^,  a^,  a^  ,  a22»  k-j 
and  k2  is  shown  schematically  below: 
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Similarly,  we  may  further  assume  ^  =  c^,  ^  s  and  ^  =  c 
=  Cg  and  obtain  the  correspond!' ng  values  >  ^4  =  c^ 

and  i|>  i  =  c  g ,  ip^  =  c  g ,  respectively.  Using  the  values  c .  and 
c \  ( i  =  1  ,  2  , .  .  .  ,  6  )  and  equation  (2.15),  we  have  the  following 
6  linear  algebraic  equations  for  a.,  and  k.  (i,j=l,2). 

8  J  I 


C1 

c  2 

0 

0 

1 

0" 

all 

r  i  n 

ci 

0 

0 

C1 

C2 

0 

1 

a  1  2 

C2 

c3 

C4 

0 

0 

1 

0 

a  2  1 

c  1 

C3 

0 

0 

C3 

C4 

0 

1 

a2  2 

c4 

C5 

C6 

0 

0 

1 

0 

kl 

r  1 
c  5 

0 

0 

C5 

C6 

0 

1 

_k2  _ 

c  1 

c6 

(2.17) 


The  elements 


and  k.  (i,j=l,2)  can  now  be  found  provided 
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that  the  matrix  is  not  singular.  By  using  equation  (2.16), 
the  boundary  vorticities  and  can  then  be  determined. 
Now,  on  the  line  x  =  y,  six  equations  (see  equations  (2.13) 
and  (2.14))  with  six  unknowns  are  solved.  We  note  that  the 
obtained  values  for  ijj-j  and  must  be  zero  theoretically  but 
numerically  they  are  found  to  be  the  order  of  10"7  as  com¬ 
pared  with  the  maximum  value  inside  the  region.  Next  we  may 

2 

move  to  the  line  x  -  j,  and  iterate  using  the  same  procedure 
until  the  errors  are  within  a  prescribed  limit  given  by 


where 


-5 


max  (e-jjC^)  <  e  =  0(10) 


Ujn)  -  c|n'1) 


mr 


I 


(n)  Jn-1) 

i  i 


i* 


urr 


(2.18) 


Method  (b):  Alternatively,  we  may  formulate  the  pro¬ 


blem  as 
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On  boundaries 
OA  and  BC 


On  line  of  symmetry 
AB  and  OC 


ip  =  0 


ip  =  0 


+ 


?  -  ? 


(2.19) 


5-0 


In  contrast  to  method  (a)  the  values  of  5  on  the  boundaries 
OA  and  BC  are  to  be  determined  such  that  =  0  on  these  lines, 

ay 

The  procedure  described  in  Method  (a)  can  now  be  applied 
except  that  the  following  equation  should  be  used  instead  of 
equation  (2,14), 


-12  0  0 

Aip  i 

- 

1-410 

\p2 

h^2  -  h 

0  1-4  1 

* 3 

^  £3  -  ^7 

0  0  2  1 

^4 

_h%  _ 

(2.20) 


where  =  \p2  -  ip-^y  and  ^  g  -  \p^. 

The  boundary  vorticity  5- j  and  54  must  now  be  determined  such 
that  Aip -j  *  Aipq  =  0. 

Finally,  we  note  that  the  technique  developed  here 
can  also  be  extended  to  the  case  where  the  number  of  boundary 
vorticity  values  to  be  determined  is  either  less  or  greater 
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than  two  on  each  line  or  block.  Table  2,1  shows  the  relation 
between  the  number  of  boundary  vorticity  values  to  be  deter¬ 
mined  and  the  corresponding  repeated  number  of  computations 
requi red  „ 


Table  2.1  The  relation  between  the  number  of 
boundary  vorticity  values  to  be 
determined  and  the  repeated  number 
of  computations  required 


Number  of  boundary 
vorticity  values 

1 

2 

3 

4  . 

O  0  N 

dumber  of  elements  for 
ma tri  x  A  and  vector  k_ 

2 

6 

12 

20  . 

.  c  N(N+1) 

Number  of  Computations 
required  to  determine 

£b 

2 

3 

4 

5  . 

.  .  N  +  l 

Total  number  of  com¬ 
putations  on  each  line 
or  block 

3 

4 

5 

6  . 

.  .  N+2 
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2 . 3  Concluding  Remarks 

(a)  Because  of  the  extremely  slow  convergence  of  the 
bi harmonic  equation,  the  boundary  vorticity  method  is  very 
effective  particularly  for  a  problem  formulated  in  polar 
coordinate  system.  For  example,  for  the  combined  free  and 
forced  convection  problem  in  horizontal  circular  tubes  which 
will  be  considered  in  Chapter  III,  the  line  iterative  technique 
using  the  boundary  vorticity  method  converges  in  approximately 

5  minutes  on  IBM  360/67  for  an  intermediate  parameter  in  com¬ 
parison  with  11  hours  on  IBM  7040  required  by  using  the  con¬ 
ventional  method  [2.4],  According  to  the  above  comparison, 
the  new  method  is  estimated  to  be  about  ten  times  faster  than 
the  conventional  method  employed  in  [2.4]. 

(b)  Considering  the  boundary  conditions  = 

=  0  and  combining  equation  (2.8)  and  (2.9),  we  have  the 

following  system  of  linear  algebraic  equations 


-4 

1 

-h2 

0 

1 

0 
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\p2 
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C\J 
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0 
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0 

0 

1 

0 

^  2 

h2f  2 

0 

2/h2 

1 

-4 

0 

0 

0 

1 

?3 

h2f3 

1 

0 

0 

0 

-4 

1 

-h2 

0 

h 

0 

0 

1 

0 

0 

1 

-4 

0 

-h2 

0 

0 

0 

1 

0 

2 

2/lr 

0 

-4 

1 

?6 

h2f6 

0 

0 

0 

1 

0 

2/h2 

1 

-4 

^  7 

_  — 

_h\ 

(2.21) 
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The  boundary  vorticity  method  can  be  considered  essentially 
the  same  as  the  procedure  to  determine  the  unknowns  on  each 
vertical  line  ( xp  ^ ^  3  >  £  2  *  ^3  on  ^ne  x  =  j  anc*  ^g»  ^  7  >  £  g  > 
£7  on  line  x  =  j)  simultaneously.  If  we  put  equation  (2,21) 
in  the  vector  form,  we  have 


A  x  =  k  o 


(2,22) 


Letting, 

A  -  D  -  E  -  F  (2,23) 

where 


D  = 

0 

•  £  = 

0 

I"71 

II 

0 

0 

0 

B 

0 

0 

-J. 

0 

-4 

1 

-h2 

0 

and 

1  = 

1 

0 

0 

0 

1 

-4 

0 

-h2 

0 

1 

0 

0 

2 

2/lv 

0 

-4 

1 

0 

0 

1 

0 

_0 

2/h2 

1 

-4 

0 

0 

0 

1 

an  unit 
matrix. 


the  line  successive  relaxation  procedure  is 

[2.6]) 


(see  reference 
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(n  +  1)  =  (d  -  ojE)"1  {(1  -  co)D  +  co  F }  x  ^ n  ^ 


+  co(D  -ooE)  ^  k 


(2.24) 


where  co  is  the  relaxation  factor. 

It  is  noted  that  a  method  using  the  direct  inversion  of  the 
submatrix  B_  converges  as  well  as  the  boundary  vorticity  method 
does.  The  repeated  computations  for  finding  the  elements 
a.,  and  k.  in  equation  (2.17)  can  be  avoided.  However,  an 

i  j  i 

efficient  technique  for  the  direct  inversion  of  the  submatrix 
B_  or  generally  the  following  submatrix  is  required. 


B 


C  H 
G  C 


(2.25) 


where 


C 


1  0 


H  = 


I 


1-41..  0 


0  ..  1  -4  1 

0  ..  0  1-4 


and 


' 
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G  = 


2/h^  0  0 

0  0  0 


0 

0 


0  ..000 

0  ..00  2/h2 


(c)  By  carefully  examining  the  system  of  linear  alge¬ 
braic  equations  (2.21),  another  new  iterative  scheme  may  be 
suggested.  Following  equations  (2.21)  and  (2.22)  and  letting, 

A  =  D '  -  E*  -  F'  (2.26) 

where 


B'  0  0  0 

»  I'  = 

0  0  0  0 

ol 

ol 

col 

ol 

H  0  0  0 

0  0  B'  0 

10  0  0 

0  0  0  B' 

0  1  H  0 

0  H'  l  0 

0  0  0  i 

0  0  OH' 

0  0  0  0 


i 
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2/h?  0  1 

,  H  '  - 

i — “ 

o 

CNJ 

_c 

1 

1 _ 

_  0  2/h2J 

0  -h2 

and  I 

r~~ 

■  1  o 

0  1 


an  unit  matrix, 


the  line  successive  relaxation  procedure  [2,6]  this  time  is 


x(n  +  ])  *  (D‘  -  wE 1  ) ' 1  {(1  -  (jo ) D_ 1  +  wE'}x(n) 


+  u>(D'  -  uE'  )~]  k  . 


(2,27) 


Now  the  Gaussian  elimination  method  (see  Appendix  2,1)  can 
be  readily  applied  here  for  the  direct  inversion  of  the  sub¬ 
matrix  £'  or  generally  the  following  submatrix. 
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-4  1 

1  -4  1 


1  -4  1 


0 


9  ft 


0 


ft  • 


1  -4  1 

1  -  4 

1 


1 

4 


(2,28) 
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By  comparing  equation  (2,24)  with  equation  (2,27), 
we  note  that  the  latter  iterative  scheme  avoids  the  difficulty 
of  using  the  direct  inversion  of  the  submatrix  B_  (see  equation 
(2,25)),  Consequently,  computing  time  for  finding  the  ele¬ 
ments  a.  .  and  k,  in  equation  (2,17)  can  be  saved.  This 
•  J  T 

improved  iterative  scheme  is  employed  in  Chapter  VI  with 
approximately  one-quarter  of  computing  time  being  saved  as 
compared  with  the  boundary  vorticity  method  for  a  problem 
formulated  in  Cartesian  coordinates, 

(d)  A  further  systematic  numerical  experiment  is 
necessary  to  compare  all  the  conventional  techniques  with  the 
newly  developed  boundary  vorticity  method  and  the  improved 
iterative  scheme  discussed  in  part  (c)  for  various  engineering 
problems  so  that  a  designer  may  choose  a  simple  and  yet  effi¬ 
cient  procedure  for  a  particular  problem. 
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Appendi x  2.1  Gaussian  Elimination  Method  [2.7] 

If  we  have  a  system  of  linear  algebraic  equations 


A  x_  =  k 

with  a  tridiagonal  matrix  A, 


A 


0 


0 


"an-2  bn-2  "cn-2 


-a 


n-1 


n-1 


-a 


5 


then  a  numerical  procedure  called  Gaussian  elimination  method 
or  Crout's  (or  Cholesky's)  method  may  be  used  to  solve  for 
x_.  The  procedure  is  carried  out  by  using  forward  elimina¬ 
tion  and  then  backward  substitution  as  described  below: 


cl/bl 
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=  cm/(bm 


"  amhm  1 ) 

m  m-  I 


m=2 , 3 
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n-1 
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=  k 
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CHAPTER  III 


BOUNDARY  VORTICITY  METHOD  FOR  CONVECTIVE  HEAT  TRANSFER 

WITH  SECONDARY  FLOW  IN  HORIZONTAL  TUBES* 

3  . 1  I n troduct i on 

The  effects  of  the  double  helix  secondary  flow  caused 
by  unbalanced  buoyancy  forces  in  heated  horizontal  tubes  on 
such  important  design  parameters  as  friction  factor  and 
Nusselt  number  have  been  studied  both  theoretically  and 
experimentally  by  several  investigators  in  recent  years. 
Trefethen  [3.2]  pointed  out  that  the  secondary  flow  patterns 
caused  by  buoyancy  forces  in  heated  horizontal  tubes,  centri¬ 
fugal  forces  in  curved  pipes  and  Coriolis  forces  in  radial 
rotating  tubes  for  fully  developed  laminar  flow  are  at  least 
qualitatively  similar,  and  compared  the  flow  and  heat  trans¬ 
fer  data  from  the  three  types  of  tubes.  Morton's  analysis 
[3.3]  on  the  free  convection  effects  for  fully  developed 
laminar  forced  convection  in  uniformly  heated  horizontal 
tubes  by  a  perturbation  method  is  applicable  only  for  rather 
small  parameter  (ReRa)  region.  del  Casal  and  Gill  [3.4] 
analysed  the  same  problem  by  the  same  method  considering  the 
variation  of  density  in  the  axial  direction  and  throughout 
the  cross-section  without  the  usual  assumption  of  a  constant 


*  A  somewhat  condensed  earlier  version  of  this  work  is  reported 
in  [3.1]. 
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pressure  gradient,  Mori  and  Futagami  [3.5]  presented  a 
theoretical  investigation  for  the  problem  considered  by 
Morton  [3.3]  dealing  with  high  ReRa  region  by  a  boundary- 
layer  approximation.  The  high  ReRa  regime  is  characterized 
by  strong  secondary  flow,  and  the  flow  field  may  be  divided 
into  a  core  region  and  a  boundary  layer  near  the  wall. 
Mathematically,  the  core  region  is  governed  by  a  hyperbolic 
type  equation  and  the  boundary  layer  is  governed  by  a  para¬ 
bolic  equation.  It  is  of  interest  to  note  that  the  solution 
in  the  neighborhood  of  top  and  bottom  stagnation  points  may 
be  improved,  if  the  regions  are  described  by  elliptic  equa¬ 
tions.  Recently,  Newell  and  Bergles  [2.4]  presented  corre¬ 
lations  for  the  effects  of  free  convection  on  water  for  the 
so-called  glass  tube  and  infinite  conductivity  thermal  boundary 
conditions.  It  is  noted  that  their  correlation  curves  are 
considerably  below  the  experimental  data  for  air  obtained 
by  Mori  et  al.  [3.6].  Furthermore,  the  convergence  rate  of 
the  iterative  technique  used  by  them  is  extremely  slow  and 
not  practical  from  the  viewpoint  of  computing  time.  Fan's 
and  Viskanta  [3.7]  further  extended  Morton's  perturbation 

approach  by  expanding  the  dependent  variable  in  ascending 

o 

power  of  Gr/Re.  Recently,  Siegwarth  et  al.  [3,8]  extended 
the  boundary  layer  approximation  employed  in  [3.5]  to  the 
problem  with  relatively  small  core  velocity  for  the  cases  of 
Pr  =  1  and  Pr  —  °°.  Their  correlation  curve  predicts  nearly 
the  same  result  as  the  one  obtained  by  Mori  and  Futagami  [3.5], 
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The  purpose  of  this  chapter  is  to  present  a  numerical 
solution  for  a  steady  fully  developed  laminar  forced  convec¬ 
tion  with  buoyancy  effects  in  uniformly  heated  horizontal 
tubes  with  an  aim  to  bridge  the  gap  between  the  perturbation 
solution  [3.3]  for  small  parameter  (ReRa)  and  the  boundary- 
layer  approximation  [ 3  0  5 ]  for  large  parameter  (ReRa)  by  using 
line  iterative  over-  (or  under-)  relaxation  coupled  with  the 
newly  developed  boundary  vorticity  method,,  It  will  be  seen 
later  that  the  gap  has  now  been  successfully  closed  and  the 
numerical  technique  employed  can  save  the  computing  time 
greatly  as  compared  with  the  one  used  by  Newell  and  Bergles 
[2.4].  The  effect  of  Prandtl  number  on  flow  and  heat  transfer 
results  is  also  studied. 
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3 . 2  Theoretical  Analysis 

Consider  a  steady  hydrodynami ca 1 ly  and  thermally 
fully  developed  Newtonian  laminar  flow  in  a  horizontal 
circular  tube  under  axially  uniform  wall  heat  flux  and 
peripherally  uniform  wall  temperature  at  any  axial  position. 
The  flow  will  be  referred  to  cylindrical  coordinates  (R,  <f> , 

Z )  as  shown  in  Fig.  3.1. 

The  following  assumptions  are  made  in  this  analysis: 

(a)  Viscous  dissipation  and  compression  work  are  negligible. 

(b)  The  axial  direction  derivatives  are  zero  except  that 
pressure  and  temperature  gradients  are  constant,  namely 
8  P/3  Z  =  C]  and  3T/3Z  =  C2> 

(c)  The  variations  of  physical  properties  are  small.  The 
density  is  considered  to  be  constant  except  for  its 
variation  in  the  R-  and  <(>-  directions  buoyancy  terms. 

Referring  to  the  value  at  the  wall,  the  equation  of 
state  for  negligibly  small  variation  of  static  pressure  may 
be  written  as , 

—  -  1  =  r-  (T  -  Tu )  =  e(T  -  T  )  .  (3.1) 

n  1  w  w 

H  W 

This  expression  is  exact  for  an  ideal  gas,  and  represents  a 
reasonable  approximation  for  real  gases.  For  liquids,  the 
above  equation  (3.1)  is  valid  only  for  the  case  when  the 
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Fig.  3.1  Coordinate  system  and  numerical  grid 
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temperature  difference  is  small .  A  different  formulation 
for  the  equation  of  state  considering  the  temperature  depend¬ 
ency  of  density  is  required  for  a  fluid  with  large  tempera¬ 
ture  difference* 

With  the  foregoing  assumptions,  the  governing  equa¬ 
tions  for  fully  developed  laminar  flow  are: 

Continuity  equation 


a ( RU )  3 V 

3  R  34)  ~ 


(3.2) 


Momentum  equations 
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Energy  equation 
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V  3_T 

R  3  4) 


+  W— 
W3Z 


K 


(3.6) 


where 


V 


2 

1 


2  2 
3  ,  1  3  ,  13 

3R2  R  3R  R2  3 0 2 


The  momentum  equations  (3.3),  (3.4),  and  (3.5)  and 
the  energy  equation  (3.6)  are  quasi -linear,  second  order 
partial  differential  equations  of  elliptic  type. 

Because  of  symmetry  with  respect  to  vertical  center 
line,  it  is  only  required  to  consider  the  right  (or  left) 
half  of  the  circular  region.  The  boundary  conditions  are: 


U  =  V  =  W  =  T  -  T  =  0  at  pipe  wall 

w 


3JJ_ 

3(f) 


=  V  = 


3  W 

3(f) 


3  T 


3cf) 


=  0  at  vertical  center  line 


excluding  the  center  point 


(3.7) 


|y=L/  =  |y:=|y=0  at  the  center 


First  derivatives  with  respect  to  X  are  introduced  to  satisfy 
the  symmetry  property  at  the  center. 

Introducing  the  following  non-dimensional  transformations, 


* 
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(X,Y,R)  =  a(x,y,r)  ,  (U,V,W)  -  (u,vsCw)v/a, 

C1  =  9  P/3  Z  9  C2  =  aT/BZ,  C  =  -  C]a3/4vy  =  Re/(2w), 

(3.8) 

Tw  -  T  =  C  C^aPrQ,  Pr  =  v/k.  Re  =  2aWp/y, 

4 

Ra  =  3g  C^a  /vk, 

and  a  dimensionless  stream  function  ifj , 


u 


I_  a^ 

r  a  4> 


(  3  o  9  ) 


the  momentum  and  energy  equations  (3.3)  to  (3*6)  can  be 
restated  in  the  following  dimensionless  form  after  eliminating 
pressure  terms  between  equations  (3*3)  and  (3*4)  and  using 
the  continuity  equation  (3*2)  . 

Vorticity  transport  equation  for  secondary  flow: 


a^  ,  v  a?  n2r  D ~,ae  c.  ,  ,  1  ae 

UJ7  +  F  H  =  v  s  -  RaC(57  Sln  *  F  s*  cos  <t>) 


(3*10) 


where  the  vorticity  function  is  defined  by 


r  =  V2^  =  ifi  +  1  Hl  +  J_  iii 

'  *  .  2  r  3r  2  ,,2 

3  r  r  a  cp 


(3*11) 
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Axial  momentum  equation: 


(3.12) 


Energy  equation: 


(3.13) 


We  should  note  that  the  vorticity  function  is  introduced  to 
apply  the  boundary  vorticity  method  and  avoid  using  biharmonic 


4 

operator  V  ip  in  the  equation  (3.10).  The  boundary  conditions 


corresponding  to  the  governing  equations  are  tabulated  in 
Table  3.1  for  easy  reference. 


The  boundary  conditions  can  be  employed  directly  in 


the  numerical  computation  except  those  marked  as  *1,  *2,  *3 
and  *4.  For  the  conditions  *1,  *2  at  the  center,  it  is 
usual  to  avoid  it  by  an  extrapolation  or  other  approximation 
to  obtain  one  more  algebraic  equation  for  the  value  at  the 
center.  In  this  study,  it  is  proposed  to  circumvent  the 
difficulty  by  transforming  equations  (3.12)  and  (3.13)  into 
Cartesian  coordinate  system  and  use  the  center  point  and  the 
adjacent  four  points  for  the  finite-difference  formulation. 
By  doing  so,  the  boundary  conditions  —  and  —  =  0  can  be 
posed  naturally  without  introducing  any  artificial  error. 

For  the  conditions  *3  and  *4,  the  boundary  vorticity  method 


Table  3.1  The  boundary  conditions  for  the  governing  equations 
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discussed  in  Chapter  II  is  found  to  be  particularly  effect i  ve  . 
Referring  to  Table  2.1  in  Chapter  II,  the  number  of  unknown 
boundary  vorticity  to  be  determined  on  each  radial  line  is 
found  to  be  one  for  the  present  problem.  Thus  it  requires 
three  repeated  computation  on  each  line.  The  detailed  alge¬ 
braic  equations  and  procedure  will  be  discussed  in  the  next 
section. 
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3 . 3  Finite-Difference  Approx i mat ions 

Referring  to  Fig.  3.1,  the  axial  momentum  and  energy 
equations  (3.12)  and  (3.13)  can  be  approximated  in  the  follow¬ 
ing  finite-difference  form. 


f  1  +1  ,  j  "  f  i  -1  ,  j 

- 2T&F) - + 


v i  , .1  f i  ,j  +  l  ~  fi  ,j-l  ' 
ri  ' 


where 


f i +1  ,  j 

-  2f .  .  +  f .  ,  ■ 

i  ,  j  i -1  ,  j 

(Ar)  2 

J. 

1  f  i  +1 

,j  - 

r . 

i 

2  ( Ar ) 

+ 

1  f  i  , 

j  +  1  "  2fi  » j  +  f i 

pi2 

(A*)2 

a  "  1  '  G  i  ,  j 

=  4 

when 

^  i  ,  j  ~  W  i  ,  j  5 

o  =  Pr  ,  Gisj 

=  w  -  . 

i  ,J 

when 

f  .  .  =  0  .  - , 

i  ,  J  i  >  J 

(3.14) 


» j-1 


-{-  G 


i  ,  j 


Superscript  o  signifies  the  values  at  previous 
iteration  step, 


and  i  -  2 , 3  ,  .  .  .  ,  M  ,  j  — 1,2,..., 


N  +  l  . 
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The  above  equation  (3.14)  cannot  be  readily  applied  to  the 
center  point  (i=l)  since  the  original  equations  (3.12)  and 
(3.13)  are  singular  at  the  center.  However,  the  difficulty 
can  be  overcome  by  writing  the  equations  in  Cartesian  coordi¬ 
nates  using  the  boundary  conditions  *1  and  *2  in  Table  3.1. 
The  resul t  i s  gi ven  as , 


a 


o  f2,l  "  f 2  ,  N+ 1 
i,j  2T AFj 


f  2 , 1  +  2f2,N/2  +  l  *  f  2  ,  N  + 1  "  4fl  ,,j 

( Ar)  2 


+  G 


1  ,j 


(3.15) 


A  numerical  experiment  was  performed  to  check  the  adequacy 
of  the  treatment  of  the  singularity  at  the  center.  The  follow 
ing  table  demonstrates  that  the  procedure  is  very  satisfactory 


Table  3.2  Values  of  w  and  0  at  the  center 

without  secondary  motion 


w 

0 

0.9999 

0.1877 

(M=20,  N=10) 

1  .0000 

0.1875 

(exact  solution) 
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It  is  believed  that  the  treatment  of  the  singularity  at  the 
center  point  is  quite  general  and  can  be  applied  equally  to 
the  other  problems  formulated  in  polar  coordinates  to  avoid 
unnecessary  errors. 

The  vorticity  transport  equation  (3.10)  and  the  equa¬ 
tion  for  stream  function  (3.11)  can  also  be  approximated  in 
the  finite-difference  form  with  the  following  substitutions. 


a  =  1, 


RaC(f?  sir  *  +  1  cos  4>)isj  when  f1(j  -  6, ^  „ 


o  =  0, 


5i,j  when  fi,j 


i =2  ,  3  ,  .  .  . , M  +  l  ,  j  =  2,3,...,N 

The  first  derivatives  and  are  to  be  approxi¬ 

mated  by  using  five-point  finite-difference  formula. 


3f .  . 

=  (fc  ,  -  6f.  .  +  18f,  .  -  10f-  ,  -  3f,  .)/(12Ar),  1=2 
8r  5 ,  j  4  ,j  3 ,  j  2  ,j  1  » J 


=  (fi-2,j  '  8fi-l,j  +  8f i  +1  , j  '  fi+2,j)/(,2Ar)’  1=3’4’*'M 


(fM-3,j  ‘  6fM-2 ,  j  +  '  10fM,j 


‘  +  )/(12ar>’  i=lM  <3-16> 
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3  f  . 


The  expression  for  ^  J  is  similar.  In  the  computation  of 


,  the  following  approximations  are  used  noting  that  =  0 

3  4> 

at  <p  =  0  and  <f>  =  tt. 


3f 


4^  =  (8fi,2  ‘  fl  ,3)/(6A<t>)  ,  j  =  l 


(-  fi,2  +  8fi,3  -  3  =  2 

*fi,j-2  '  8fi,j-l  +  8fi,j  +  l  ‘  fi  ,j+2^/^12A4>)  ’  J  =  3*4 


^fi,N-2  ‘  8fi,N-l  +  fi  )n)/(12a<0  •  J 


(fi,N-l  '  8fi;N)/(6A*),  j-N+1 


(3.17) 


3.3.1  Properties  of  Matrices  and  the  Relaxation  Factor 

Rearranging  equations  (3.14)  and  (3.15),  we  obtain 


(1  - 


A  r 


.Ar  o 


2r7  +  0  2  ui  ,j)fi-l  ,j  '  2[1  +  ( 


-AL_  )2]f.  . 

r  -  A<jf>  ^  J  i  ,j 


z ,  .  Ar  Ar  o  u 

+  (1  +  277  '  °T  ui,j)fl+l,j 


,  Ar  \2  r/1  ,  _  ri  o  ^  £ 

-  '  ^  r  .  A4>  ^  0  2  vi  ,j)fi  J-l 


r  .  A  4 


r .  A  cf 


+  (1  .  o-lj-  v°j)f ijj  +  1]  -  Sitj(Ar) 


(3.18) 
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and 


-°T 


f  i  ,  Alp  o  \  n 

-  (1  +  a—  v1sj)f2>N  +  1 


2f2,N/2  +  rGl  ,j^Ar^ 


(3.19) 


Because  of  the  nonlinear  terms,  the  properties  of  the  coeffi¬ 
cient  matrices  of  equations  (3.18)  and  (3.19)  are; 

( a )  real  , 

(b)  non -symme tri c  , 

(c)  diagonally  dominant  if  and  only  if 


A  r 


2  r 


Ar  o 

-  o-rr  u 


1 ,  J  ■  - 


riA(j)  0  , 

a — —  .  |  <_  1  for  all  i  , j  except 

* J  at  the  center  poi nt 


(3.20) 


and 


Ar  o 

0~n~  v. 


<  1 


1  >J 1  - 


at  the  center. 


Since  the  matrices  are  not  symmetric  and  their  eigenvalues 

change  from  step  to  step  (due  to  the  corrections  of  u°  .  and 

i  » J 

v°  .),  the  determination  of  optimal  relaxation  factor  is  very 
i  >  J 

difficult.  But  fortunately,  as  long  as  the  property  (c)  is 
held,  the  numerical  computation  is  always  stable  and  a  conver- 
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gent  solution  can  be  obtained  with  an  over-relaxation  factor 
of  near  unity.  For  the  case  when  the  property  (c)  is  not  held 
at  all  the  points,  an  under-rel axati on  factor  ranging  from 
0.2  to  1.0  may  be  used  to  stabilize  the  numerical  computation. 
Numerical  solution  may  be  extended  further  to  higher  parameter 
by  using  the  u nde r- re  1 axa ti on  factor  but  only  at  the  expense 
of  considerable  computing  time. 


3.3.2  The  Application  of  the  Boundary  Vorticity  Method 

As  pointed  out  in  Chapter  II,  the  numerical  computa¬ 
tion  of  a  fourth  order  elliptic  partial  differential  equation 
requires  a  tremendously  large  computing  time,  particularly, 
for  the  present  problem  formulated  in  polar  coordinates. 
Consequently,  the  boundary  vorticity  method  was  developed 
to  solve  the  present  problem.  The  detailed  procedure  will 
be  shown  next. 

Replacing  the  dummy  function  f.  .  in  equation  (3.14) 

!  )J 

by  £.  .  and  ip.  . ,  respectively,  we  have 


(1  - 


Ar 


2  r 


Ar 

2 


j  ^  1  -  1 


-  2[1  +  ( 


Ar 


]Z 


i  >  J 


/ ,  ,  Ar  Ar  o  n  r 

+  (1  +  2?7  '  T  ui,j)5i+l,j 

I 


Ar  ,  2  r,,  .  riA(f  ..o 


2  v  i  ,  j  ^  i  ,  j  - 1 


+  (1 


r .  A  4 

~~2~ 


vi  ,  j  >  j  +  1  ^ 


2 


(3.21 ) 
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and 


(1  2 r .  ^1-1  ,j  '  +  ^  r . A<f> 


— +  +  fr~^1+1  » J 


1 


Ar 


(^>  +  -  (Ar)  ?i. 


(3.22) 


Using  the  boundary  conditions  £.  ,  =  E.  M  ,  =  E, ,  .  =  0}  for 

1,1  1  ,  IN+  !  «  ,  J  ^ 

°  r  m  j-  1  i 

equation  (3.21)  ,  4»iJ  =  *i>N+1  =  ^  jJ-  =0  and  -  3r  ’J  =  0 
(or  ^  .  =  ^[^1  +  2  j)»  for  equation  (3.22),  and  considering  the 
radial  line  j=2,  we  have  the  following  linear  algebraic  equa¬ 
tions  in  matrix  forms. 


^2  B2 

?2  ,2 

= 

K2 

A3  B3  C3  0 

"3 , 2 

K3 

A4  ® 4  ^4 

^4,2 

k4 

•  «  # 

•  *  • 

« 

& 

»  •  • 

AM  -  2  BM - 2  CM-2 

0 

CM-2 ,2 

KM-2 

am-i  bm-i  cm-i 

?M-1  ,2 

km-i 

0  am  Bm 

u  MM 

^M  ,  2 

KM  "  CM  ^M  +  l  ,2 

(3.23) 


and 
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B2  C2 

^2  , 2 

A3  B3  C3  0 

^3  , 2 

6^  0^ 

^4,2 

♦  #  • 

•  •  • 

• 

* 

• 

A  '  r  1  r  1 

mM-1  cM-1  lM-1 

’Vl  ,2 

Am  B'  C' 

MM  M 

,JjM,2 

0 

^ AM  +  1 +CM  +  1 ^  BM  +  1 

^M+l  ,2 

where  , 


A r  ,  Ar  Mo 
277  T"  Ui  ,2 


Kj  -  (fir)2  s2j2 

K3"-  ?3,2 

^4  “  (ar)  A4}2 

KM-r(Ar)2  ?M-1  ,2 
KM  '(Ar^2  ,  2 

KM+r(Ar)2  ?M  +  1  ,2 

(3.24) 


2[1  +  ( 


Ar 

r .  A<j) 


Ar  Ar  o 
2ri  "  2  u  i  ,  2 


(^r)2  (1 


.A* 


r .  Acf) 

~~2 


Gij2(Ar) 


2 


Ai 


B 


1 
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c : 
1 


1  + 


A  r 


2r. 


Ki  -  -  <7^)2  ,3 


(  1  ) 

First  of  all,  we  assume  CM+-j  2  =  1' n  the  above  equations 

(3,23)  and  (3.24),  Using  the  Gaussian  elimination  method, 
we  are  able  to  solve  equation  (3.23)  simultaneously  for 
£.j  i-2,3,...,M.  Substituting  the  obtained  vorticity  func 

tion  into  the  right-hand  side  of  equation  (3.24)  and  again 
applying  the  Gaussian  elimination  method,  the  values  for 
stream  function  can  be  found.  Then,  we  store  the  value 


(i) 


(2) 


^M  +  l  2  "  ^b  *  Secondly,  we  assume  2  =  ^b  anc*  ^°^ow 


the  same  procedure  to  obtain  4 


M  +  l  ,2 


( 2 ) 

4b  but  obse rvi ng 


the  linear  relation  between  £b  and  ipb  ,  we  can  obtain  £  such 
that  =  0. 


The  linear  relation  between  £b  and  4b 


Fig.  3.2 
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The  expression  for  £ 


(3) 

b 


i  s 


?r  ( 3 ) 


(1)  ,(  2) 

C i 


(2) 


m — 7(2t  (0  -  <  >  +  ^ 


(2) 


4 


(3.25) 


f  3  ) 

Using  £  ^  and  solving  equations  (3.23)  and  (3.24)  again,  we 

obtain  2  and  ^  is2,3,...,M  which  are  the  numerical 

solutions  on  the  radial  line  j  =  2 .  Then  we  move  on  to  the 
next  lines,  j  =  3 ,4  , . . .etc.  and  iterate  them.  By  this  method, 
we  find  that  the  values  of  the  stream  function  on  the  boundary 
r  -  1  are  numerically  around  the  order  of  10"^  as  compared 
with  the  largest  value  at  interior  points.  Theoretically, 
of  course,  the  stream  function  must  vanish  on  the  boundary. 

The  error  of  the  above  magnitude  may  be  caused  by  a  round-off 
error  using  a  single  precision. 


3.3.3  Errors  and  Mesh  Sizes 

The  accuracy  of  the  results  and  computing  time  required 
are  important  factors  in  the  numerical  calculation.  The  order 
of  magnitude  of  errors  and  the  computing  time  required  should 
be  estimated  so  that  within  an  allowable  computing  time, a 
satisfactory  result  with  errors  less  than  a  prescribed  limit 
can  be  obtained.  The  analysis  of  all  possible  errors  and  a 
numerical  experiment  on  mesh  sizes  are  necessary  before  the 
numerical  solution. 
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In  the  process  of  solving  the  system  of  partial 
differential  equations  (3.9)  to  (3.13)  and  associated  boundary 
conditions,  errors  may  come  from  the  following  sources: 

(a)  inherent  error  resulting  from  the  finite-difference 
approximations  for  the  governing  partial  differential 
equations  and  the  related  boundary  conditions, 

(b)  the  convergence  of  each  partial  differential  equation 
and  the  nonlinear  terms, 

(c)  round-off  errors. 

In  the  usual  computation,  the  error  source  (a)  may 
have  the  largest  magnitude  of  error  as  compared  with  the  other 
two  sources.  The  inherent  error  is  closely  related  to  the 
mesh  size,  the  magnitude  of  secondary  velocity  in  the  non¬ 
linear  terms  and  the  second,  third  and  higher  derivatives  in 
the  finite-difference  approximation.  In  this  study,  both 
central  difference  and  two-point  non-central  difference  are 
used  as  the  approximations  for  the  nonlinear  terms.  Although 
the  latter  always  assures  that  the  matrices  would  be  diagonally 
dominant,  the  accuracy  is  very  poor  as  shown  in  Fig.  3.3.  Two 
alternative  methods  of  determining  the  same  flow  and  heat 
transfer  parameters  are  used  to  check  the  accuracy  of  the 
numerical  results.  Initially,  non-central  difference  for  the 
nonlinear  terms  with  20  x  10  grids  is  used  in  the  computation 
to  accelerate  the  convergence.  Central  difference  with  40  x 
20  grids  is  finally  used  to  complete  all  the  numerical  computa¬ 
tion.  It  is  noted  that  central  difference  with  32  x  32  grids 
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Re  Ra 


Fig,  3,3  Convergence  of  numerical  solution  for 

heat  transfer  result 
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is  also  used  to  extend  the  solution  to  the  higher  parameter 
region  for  the  case  of  Pr  =  0,72,  Error  source  (b)  is  con¬ 
trolled  such  that  the  order  of  -error  is  two  orders  less  than 
the  inherent  error.  The  inherent  error  in  this  study  is  of 
0(10  ).  Thus  a  prescribed  error  for  all  the  dependent  vari¬ 

ables  are  set  as 


y  |  f ( n  +  1 )  f (n) , 
j  ,•  1  i  » j  i  » J  _  c 

e  =  -  <  0(10  (3,26) 

I  if(n+l)i 
i  ,  j  1  i  ,  j  1 


Regarding  error  source  (c),  we  note  that  the  round-off  error 
should  not  grow  as  long  as  the  matrices  are  diagonally 
dominant.  There  is  another  way  of  checking  the  round-off 
error  in  the  Gaussian  elimination  method  and  the  boundary 
vorticity  method  applied  here.  The  computed  numerical  values 
of  the  stream  function  on  the  boundary  can.  be  interpreted  as 
the  order  of  round-off  error  which  is  found  to  be  of  0(10"'7) 
in  comparison  with  the  largest  value  of  the  stream  function 
at  interior  points  for  all  grid  sizes,  namely,  20  x  10, 

40  x  20  and  32  x  32,  For  each  RaC,  it  requires  1  ~  2  minutes 
using  20  x  10  grids  for  initial  computation  and  2  ~  3  minutes 
for  40  x  20  grids  in  final  calculation.  It  requires  much 
larger  computing  time  for  higher  Nusselt  number  ratio  region. 
On  the  other  hand,  we  cannot  obtain  convergent  solution  using 


' 
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central  difference  for  the  present  grid  size  of  40  x  20  when 
the  Nusselt  number  ratio  is  greater  than  approximately  2.5, 

It  is  signficiant  to  note  that  the  computing  time 
required  by  Newell  and  Bergles  [2.4]  for  the  numerical  solu¬ 
tion  of  similar  problem  with  biharmonic  operator  is  about 
11  hours  on  IBM  7040  to  obtain  a  complete  solution  for  one 
RaC  in  the  intermediate  region  with  a  grid  size  of  20  x  20 
and  about  2.5  hours  on  IBM  7094.  In  contrast,  the  present 
numerical  method  requires  only  about  5  minutes  using  40  x  20 
grids  on  IBM  360/67  which  is  estimated  to  be  about  one-tenth 
of  the  computing  time  required  by  them  for  the  comparable 
s i tua ti ons  . 

3.3.4  Iterative  Procedure 

In  this  study,  the  line  successive  over-  (or  under-) 
relaxation  method  [2.6]  and  the  boundary  vorticity  method  are 
employed  to  solve  the  system  of  nonlinear  algebraic  equations. 
The  equations  are  linearized  by  taking  u  ?  .  and  v  ?  .  equal 
to  their  previous  values.  That  is,  the  system  of  nonlinear 
equations  are  replaced  by  another  system  of  linear  equations. 
Referring  to  equations  (3.9)  to  (3.13),  the  procedure  for 
numerical  solution  is: 

(a)  Assign  values  for  Pr,  RaC,  M  and  N. 

(b)  The  value  of  w.  .  at  each  node  point  is  obtained  by 

"l  » J 

solving  equation  (3.12)  in  finite-difference  form  and 
satisfying  the  boundary  conditions  using  the  assumption 
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that  u°  .  and  v°  .  being  equal  to  the  previous  values 
I  5  J  I  )  J 

of  an  assumed  flow  pattern  at  the  beginning. 

(c)  The  calculated  values  of  w.  •  and  still  the  same  values 

*  *  J 

for  u°  .  and  v°  .  are  substituted  into  the  f i ni te-di f f er- 
i  ,  J  t  >  j 

ence  form  of  equation  (3.13)  to  compute  6.  .  satisfying 

1  J  J 

the  correspondi ng  boundary  conditions. 

(d)  Substituting  the  obtained  6.  .  into  the  finite-difference 

‘  >  J 

form  of  equation  (3.10)  and  still  using  the  same  u?  . 

i  >  J 

and  v®  the  values  for  £.  .  and  iK  .  are  solved  by 

1  5  J  “50 

applying  the  boundary  vorticity  method. 

(e)  The  new  values  for  u°  .  and  v°  .  are  computed  from  the 

•  >  J  !  J  J 

f i n i te -d i f f e rence  form  of  equation  (3.9). 

(f)  Using  the  new  u°  .  and  v°  outer  iteration  from  steps 

i  » J  •  >  J 

(b)  to  (e)  is  repeated  until  equation  (3.26)  is  satisfied. 

(g)  The  obtained  w.  .  and  0.  .  are  used  to  calculate  the 

1  5  J  *  >J 

flow  and  heat  transfer  characteristics. 

The  expression  for  the  parameter  ReRa  can  be  obtained  from 
equation  (3.8)  as 


ReRa  =  2w  RaC  . 

The  number  of  inner  iterations  in  steps  (b),  (c)  and  (d)  is 
not  very  restrictive.  In  this  study,  it  is  set  to  be  less 


than  30. 
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3 . 4  Flow  and  Heat  Transfer  Results 

The  product  of  friction  factor  and  Reynolds  number 
(fRe)  and  the  Nusselt  number  (  Nu )  can  be  obtained  by  consider¬ 
ing  either  the  average  values  for  velocity  and  temperature 
gradients,  respectively,  along  the  pipe  wall,  or  the  overall 
force  and  energy  balances,  respectively  for  the  axial  length 
dZ.  The  results  are 


( fRe)  j 

(fRe)  j , 

(Nu)j 

(Nu) j  j 


2aWp 

p 


I  ^  ^  i 

4  i3^lw 

w 


-  F(2a) 
k 


j  3_0  I 
*  3  r  '  w 

|w6  | 


(3.27) 


where  subscript  I  denotes  the  value  of  the  parameter  obtained 
from  the  average  gradient  along  the  pipe  wall  and  subscript 
II  denotes  the  value  of  the  parameter  obtained  from  the  overall 
balance.  Simpson's  rule  is  used  to  obtain  the  average  quanti¬ 
ties  indicated  above. 

In  order  to  show  the  convergence  of  the  numerical  solu- 
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tion,  the  ratio  of  the  Nusselt  numbers  Nu/(Nu)Q  is  plotted 
against  the  parameter  ReRa  in  Fig.  3.3  for  two  different  mesh 
sizes  M  =  20,  N  =  10  and  M  =  40,  N  =  20,  using  central  and 
two  point  non-central  differences  for  the  nonlinear  terms. 

It  is  seen  that  the  heat  transfer  results  obtained  from  the 
above  two  definitions  coincide,  using  central  difference  with 
mesh  size  M  =  40  and  N  =  20,  indicating  the  accuracy  of  the 
numerical  solution. 

For  comparison,  the  heat  transfer  results  from  Morton's 
analysis  [3.3]  using  perturbation  method  and  Mori  and  Futagami's 
boundary-layer  approximation  [3.5]  are  also  shown  in  Fig.  3.3 
for  the  case  Pr  =  1.  It  is  seen  clearly  that  for  the  values 

3 

of  the  parameter  ReRa  ranging  a pp rox i ma te 1 y  from  2  x  10  to 

4 

4  x  10  ,  neither  the  perturbation  method  nor  the  boundary- 
layer  approximation  is  effective.  In  contrast,  the  numerical 
solution  clearly  bridges  the  gap  between  the  perturbation 
solution  and  the  boundary-1 ayer  approximation.  Relative 
merits  of  these  three  methods  are  of  interest. 

In  order  to  further  assess  the  accuracy  of  the  numerical 
solution,  the  axial  velocity  and  temperature  profiles  along 
the  central  vertical  line  from  this  analysis  are  compared 
against  the  experimental  data  given  in  [3.6]  and  theoretical 
curves  given  in  [3.5]  for  Pr  =  0.72  and  ReRa  =  0.89  x  10^ 
in  Fig.  3.4.  A  good  agreement  is  observed  between  the  numeri¬ 
cal  solution  and  the  experimental  data  for  the  velocity  dis¬ 
tribution.  Numerical  solution  predicts  higher  value  than 
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experimental  data  near  the  bottom  and  slightly  lower  value 
near  the  top  (<J>  =  0).  Similar  remarks  also  apply  to  the 
temperature  profiles  with  the  exception  that  rather  substan¬ 
tial  discrepancy  exists  between  numerical  solution  and 
experimental  data  near  the  top  (<j>  =  0).  In  Fig,  3.5,  the 
experimental  data  [3.6]  are  further  compared  with  the  numeri¬ 
cal  results  for  the  same  value  of  Nu/(Nu)Q  -  1.62  but  at 
different  ReRa  (=  5.04  x  10^),  The  general  trend  is  similar 
but  the  discrepancy  reduces  somewhat.  One  further  comparison 
at  higher  value  of  Nu/(Nu)Q  =  2.0  is  shown  in  Fig,  3.6.  A 
rather  good  agreement  is  found  for  velocity  profiles.  For 
temperature  profiles,  experimental  and  numerical  data  check 
quite  well  near  the  bottom  part  ( <j>  =  n)  and  an  improved  agree¬ 
ment  is  observed  near  the  top  part  (cf>  =  0)  as  compared  with 
those  shown  in  Figs.  3.4  and  3.5. 

Summarizing  the  above  comparisons,  it  can  be  said 
that  the  agreement  for  velocity  profile  is  quite  good  and 
the  agreement  for  temperature  profile  is  reasonable  near  the 
bottom  part  but  rather  poor  near  the  top  part  (4  =  0).  This 
inconsistency  in  temperature  distribution  needs  further  con¬ 
sideration.  For  the  region  in  question,  r  =  0  ~  1.0  and 
4=0,  it  is  clear  that  the  temperature  distributions  from 
the  experimental  data  and  numerical  solution  are  definitely 
on  the  opposite  side  of  the  temperature  distribution  for  the 
case  of  pure  forced  convection  without  secondary  flow.  Focus¬ 
ing  our  attention  on  temperature  distribution  along  the  vertical 
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Fiq.  3.6  Comparison  of  velocity  and  temperature  distributions 
along  central  vertical  line  from  the  present  study 
witn  experimental  data  from  Mori  et  al. 
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center  line,  it  is  well  known  that  the  effect  of  the  buoyancy 
force  is  to  shift  the  location  of  the  maximum  value  toward  the 
bottom  wall  and  decrease  the  magnitude  of  the  value  near  the 
top  wall.  The  discrepancy  may  be  caused  by  the  difference 
between  the  assumption  of  uniform  ci rcumferenti al  wall  tempera¬ 
ture  in  the  theoretical  analysis  and  the  probable  non-uniform 
distribution  of  wall  temperature  in  the  experiment.  The 

theoretical  curves  given  by  Mori  and  Futagami  [3.5]  are  seen 

5 

to  be  inadequate  for  ReRa  =  0.89  x  10  as  shown  in  Fig.  3.4. 

The  above  discrepancy  between  experimental  data  and  numerical 
solution  is  also  reflected  in  the  heat  transfer  result  which 
will  be  discussed  later.  We  also  note  that  the  assumption 
of  uniform  boundary -layer  thickness  along  the  circumference 
in  the  boundary- 1  aye r  approximation  may  also  lead  to  some 
errors  near  the  top  and  bottom  walls. 

The  streamlines  and  isothermals  for  Pr  =  0.72  and 

5 

ReRa  =  0.8976  x  10  are  shown  in  Fig.  3.7.  The  temperature 
drops  very  gradually  from  the  top  to  the  center.  This  behavior 
clearly  contradicts  the  experimental  data.  As  the  parameter 
ReRa  increases,  the  centers  of  circulation  move  toward  the 
side  walls. 

The  distributions  of  secondary  velocity  components 
u,  v  for  representative  values  of  ReRa  with  Pr  =  0.72  are 
shown  in  Fig.  3.8.  It  is  seen  that  the  downward  velocity 
component  v  becomes  more  uniformly  distributed  in  the  core 
region  as  ReRa  increases.  This  trend  confirms  the  asymptotic 


Fig.  3.7  Streamlines  and  isothermals 
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behavior  of  Mori  and  Futagami's  boundary-1 ayer  approximation 
[3.5].  But  the  distribution  of  radial  velocity  u  along  the 
vertical  central  axis  is  not  symmetric  with  respect  to  the 
horizontal  central  axis.  This  contradicts  with  Mori  and 
Futagami's  assumption  [3.5]. 

The  effect  of  Prandtl  number  on  flow  result  is  shown 
in  Fig.  3.9  where  fRe/(fRe)Q  is  plotted  against  ReRa.  This 
figure  serves  to  show  the  range  of  applicability  in  terms  of 
the  parameter  ReRa  for  both  boundary-1 ayer  approximation 
and  numerical  solution.  It  is  seen  that  for  the  range  con¬ 
sidered,  considerable  discrepancy  exists  between  the  two  pre¬ 
dictions.  However,  it  appears  that  at  higher  value  of  the 
parameter  the  two  predictions  approach  each  other.  It  is 
noted  that  the  effect  of  Prandtl  number  on  friction  factor 
is  negligible  for  large  Prandtl  number. 

The  effect  of  Prandtl  number  on  heat  transfer  result 

is  shown  in  Fig.  3.10  where  Nu/(Nu)q  is  plotted  against  ReRa 

with  Prandtl  number  as  a  parameter.  For  Pr  =  1 ,  the  two 

curves  from  boundary"! ayer  approximation  and  numerical  solu- 

4 

tion  approach  each  other  at  around  ReRa  -  4  x  10  indicating 
good  agreement  thereon.  However,  for  the  case  Pr  =  0.72 
considerable  difference  exists  between  the  two  results  aside 
from  the  fact  that  boundary-layer  approximation  cannot  be 
applied  to  the  low  ReRa  region.  It  is  also  seen  that  the 
effect  of  Prandtl  number  on  Nu/ ( Nu  )  Q  is  similar  to  the  effect 
of  ReRa  on  the  ratio  Nu/(Nu)q. 


MORI  AND  FUTAGAMI'S  SOLUTION 
THIS  WORK 

Pr  .  =  0.72 
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The  result  of  numerical  solution  for  heat  transfer 
shows  clearly  that  an  asymptotic  line  exists  for  each  Prandtl 
number.  Consequently,  for  Nu/(Nu)Q  >  1.75,  an  estimate  for 
heat  transfer  result  may  be  made  by  extending  the  existing 
curves  linearly  in  Fig.  3.10.  Fig.  3.10  also  shows  clearly 
the  respective  range  of  applicability  for  the  perturbation 
method,  numerical  method,  and  boundary-layer  approximation. 

In  Fig.  3.10,  it  is  of  interest  to  observe  that  the 
distance  between  the  curves  Pr  =  1  and  Pr  =  10  almost  equals 
to  the  distance  between  the  curves  Pr  =  10  and  Pr  =  100  for 
a  given  value  of  Nu/(Nu)Q.  This  observation  enables  us  to 
study  the  asymptotic  behavior  for  Pr  -*■  For  the  case  when 
Pr  -►  °°  and  the  secondary  motion  is  weak,  the  nonlinear  terms 
in  momentum  equations  (3.10)  and  (3.12)  are  negligible.  On 
the  contrary,  the  advective  terms  in  the  energy  equation  (3.13) 
should  be  retained  in  view  of  the  large  Prandtl  number  effect. 
Based  on  the  above  observation,  the  two  parameters  Pr  and 
RaC  can  be  combined  into  one  parameter  PrRaC  characterizing 
the  asymptotic  solution  for  Pr  °°.  The  parameter  PrRaC  also 
can  be  transformed  into  PrReRa  by  using  the  relation  C  =  Re/(2w) 
in  equation  (3.8).  The  curves  for  Nu/(Nu)Q  versus  the  new 
coordinate  PrReRa  with  Pr  as  a  parameter  are  shown  in  Fig.  3.11. 
The  curve  corresponding  to  N  =  0.471  ( GP )  ^  ^  given  by 
Siegwarth  et  al.  [3.8]  is  also  shown  after  transforming  into 
Nu/(Nu)q  =  0.190  (PrReRa)1^5  by  using  the  relation  GP  =  PrReRa/ 
(2Nu).  As  pointed  out  in  the  Introduction  (Section  3.1), 
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Fig.  3.10  Nu/(Nu)n  versus  ReRa 
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this  curve  deviates  from  Mori  and  Futagami's  solution  for 
Pr  =  1  [3.5]  by  only  about  1.5%.  It  is  noted  that  for  the 
case  of  Pr  =  0.72,  the  curve  obtained  by  Mori  and  Futagami 
[3.5]  contradicts  with  both  the  present  numerical  solution 
and  the  perturbation  method  [3.3].  For  the  same  value  of 
PrReRa,  the  numerical  and  peturbation  solutions  predict  higher 
heat  transfer  rate  in  the  case  of  smaller  Prandtl  number. 

It  is  significant  to  note  that  with  the  present  new  correlation 
the  numerical  solution  for  Pr  =  0(1)  already  approaches  the 
asymptotic  solution  for  Pr  «>.  Furthermore,  Siegwarth  et  al. 
[3.8]  also  show  that  the  curves  for  Pr  =  1  and  Pr  -*  °°  are 
identical.  In  other  words,  with  Prandtl  numbe rs rangi ng  from 
0(1)  to  °°,  a  simple  correlation  for  heat  transfer  results 
exists  for  various  Prandtl  numbers  (Pr  =  0(1)  ~  °°)  .  For 
example,  the  heat  transfer  result  is  identical  for  a  given 
value  of  PrReRa  regardless  of  the  value  of  Pr  within  the 
range  of  Pr  =  0(1)  ~  °° .  This  observation  is  believed  to  be 
significant  since  separate  numerical  solution  is  not  required 
for  various  Prandtl  numbers  rangi  ng  from  0(1)  to  The 

numerical  results  for  flow  and  heat  transfer  are  listed  in 
the  Appendix  for  possible  future  reference. 
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3 . 5  Concluding  Remarks 

(a)  The  application  of  the  boundary  vorticity  method 
in  this  numerical  study  is  very  successful  with  tremendous 
improvement  in  computing  efficiency.  It  is  believed  to  have 
wide  applicability  in  solving  the  related  similar  problems, 

(b)  A  combination  of  using  Cartesian  coordinates 
at  the  center  and  cylindrical  coordinates  elsewhere  proves 
to  be  quite  satisfactory  to  overcome  the  singularity  at  the 
center.  The  treatment  is  quite  general  and  can  be  readily 
applied  to  the  numerical  computation  of  the  other  engineering 
problems  formulated  in  polar  coordinates. 

(c)  The  numerical  solution  is  effective  up  to  a 
reasonably  high  value  of  the  parameter  and  clearly  fills  the 
gap  between  the  perturbation  method  and  the  boundary-layer 
approximation.  The  above  observation  is  important  since  the 
same  remark  applies  also  to  a  class  of  broadly  similar 
secondary  flow  problems. 

(d)  Plotting  of  all  the  numerical  results  for  various 
Prandtl  numbers  based  on  Nu/(Nu)Q  versus  PrReRa  reveals  that 
the  Nusselt  number  for  Prandtl  number  of  order  one  already 
approaches  the  asymptotic  solution  for  the  case  of  Pr  . 

This  observation  is  significant  since  it  suggests  that  we 
need  not  carry  out  separate  numerical  solution 

for  various  Prandtl  numbers  ranging  from  order  one  to  infinity 
in  order  to  study  the  Prandtl  number  effect.  This  aspect  of 
Prandtl  number  effect  points  out  the  possibility  of  solving 
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Graetz  problem  with  buoyancy  effect  in  the  thermal  entrance 
region. 

(e)  The  results  of  the  numerical  analysis  presented 
are  valid  within  the  Boussinesq  approximation.  The  dependency 
of  physical  properties  on  temperature  can  also  be  readily 
accommodated . 
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Appendi x  3 . 1  Numerical  Results 
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CHAPTER  IV 


THERMAL  INSTABILITY  IN  PLANE  POISEUILLE  FLOW* 


4 . 1  Introduction 

In  order  to  predict  flow  and  heat  transfer  characteris¬ 
tics  for  forced  convection  under  the  effect  of  body  forces, 
it  is  necessary  under  certain  conditions  to  investigate  the 
onset  of  secondary  motion  and  determine  the  most  probable 
flow  pattern.  Body  forces  acting  in  a  direction  normal  to 
the  main  flow  can  cause  a  pair  of  helical  vortex  rolls, for 
examples,  in  a  heated  horizontal  rectangular  Channel  [2.5] 
or  a  curved  rectangular  Channel  [4.2].  In  these  cases,  the 
secondary  flow  appears  as  soon  as  the  fluid  is  brought  into 
motion  in  the  axial  direction.  However,  when  the  aspect  ratio 
((side  length  in  a  direction  normal  to  the  body  force)/(  side 
length  in  a  direction  parallel  to  the  body  force))  of  the 
rectangular  channel  approaches  infinity,  the  body  forces  may 
leave  no  effect  on  the  main  flow  with  small  body  force  para¬ 
meter  and  provides  merely  a  potential  of  instability.  As 
the  parameter  increases  beyond  a  certain  value,  the  flow  can 
no  longer  maintain  its  original  pattern  and  the  secondary 
motion  results.  The  well-known  examples  are  the  Taylor 
vortices  [4.3]  developed  between  rotating  concentric  cylinders 

*  The  work  reported  in  [4.1]  is  based  on  this  part  of  the 
dissertation. 


84 


and  Benard  cell  [4.4]  formed  in  a  thin  fluid  layer  heated 
from  below.  Gill  and  del  Casal  [4.5]  analysed  the  effect  of 
buoyancy  and  variable  viscosity  on  two-dimensional  velocity 
profiles  and  gave  a  qualitative  discussion  on  the  instability 
of  the  flow  in  view  of  Tol 1  mi en-Sch 1 i chti ng  theory.  However, 
they  did  not  consider  stationary  vortex-type  secondary  flow. 
Recently,  Mori  and  Uchida  [4.6]  examined  forced  convective 
heat  transfer  between  horizontal  flat  plates.  The  instabi¬ 
lity  of  the  flow  in  their  problem  is  caused  by  a  linear  basic 
temperature  distribution  only.  Thus,  the  critical  Rayleigh 
number  1708  is  exactly  the  same  as  the  one  observed  in  the 
classical  Benard's  problem  [4.7].  Sparrow,  Goldstein  and 
Jonsson  [4.8]  studied  the  thermal  Instability  in  a  horizontal 
fluid  layer  considering  the  effect  of  boundary  conditions 
and  nonlinear  temperature  profile  caused  by  uniform  internal 
heat  generation.  Their  results  show  that  parabolic  part  of 
the  basic  temperature  profile  destabilizes  the  flow  and 
changes  the  wavelength  of  the  vortex  rolls. 

The  purpose  of  this  chapter  is  to  investigate  the 
possibility  of  the  onset  of  longitudinal  vortex  rolls  for 
fully  developed  laminar  forced  convection  between  two  infinite 
horizontal  parallel  plates  with  a  constant  axial  temperature 
gradient  and  at  different  or  identical  temperature  levels  at 
the  upper  and  lower  plates.  For  the  present  problem,  the 
uniform  temperature  gradient  along  the  main  flow  direction 
also  yields  a  nonlinear  temperature  profile.  The  convective 
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motion  of  the  main  flow  disturbance  also  affects  the  critical 
Rayleigh  number  and  changes  the  wavelength  of  the  vortex 
rolls.  Thus,  the  instability  of  the  flow  can  be  considered 
to  depend  on  the  following  four  factors: 

(a)  the  wave  number,  a  =  2  TTh  /  (wa  vel  ength  )  ,  which  characterizes 
the  mode  of  disturbance, 

(b)  the  linear  part  of  the  basic  temperature  profile, 

(c)  the  nonlinear  part  of  the  basic  temperature  profile, 

(d)  the  convective  motion  of  the  main  flow  direction  dis¬ 
turbance  . 

We  note  that  the  factors  (a)  and  (b)  constitute  the  problem 
studied  by  Mori  and  Uchida  [4.6]  and  the  factors  (a),  (b) 
and  (c)  govern  the  problem  studied  by  Sparrow,  Goldstein  and 
Jonsson  [4.8],  It  is  evident  that  one  additional  factor  is 
brought  into  consideration  in  the  present  study.  Furthermore, 
from  the  physical  point  of  view,  this  problem  can  be  con¬ 
sidered  to  be  more  general  as  compared  with  the  two  earlier 
works  [4.6,  4.8],  It  is  worthwhile  to  point  out  an  interest¬ 
ing  limiting  case.  If  the  vertical  gradient  of  the  linear 
basic  temperature  profile  is  negligibly  small  in  comparison 
with  that  of  the  nonlinear  part,  then  the  factors  (a),  (c) 
and  (d)  determine  the  flow.  This  situation  corresponds  to 
the  limiting  case  of  axially  uniformly  heated  horizontal 
rectangular  channel  [2.5]  where  the  aspect  ratio  (width/ 
height)  approaches  infinity. 

An  eighth  order  ordinary  differential  equation  with 
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eigenvalue  Ra  will  be  derived  for  the  present  problem  and 
solved  by  employing  a  power  series  similar  to  that  used  in 
[4.8], 
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4 . 2  Theoretical  Analysis 

Consider  a  fully  developed  laminar  flow  between  two 
horizontal  parallel  plates  with  a  constant  axial  temperature 
gradient  t  and  a  temperature  difference  AT  between  the  upper 
and  lower  plates  at  any  axial  position.  The  system  of 
coordinates  is  shown  in  Fig.  4.1  where  two  infinite  horizontal 
flat  plates  are  located  at  z'  =  0  and  h,  respectively.  Under 
certain  conditions,  an  infinite  number  of  pairs  of  vortex 
rolls  with  alternating  flow  direction  may  appear  between  the 
upper  and  lower  plates.  The  wall  temperatures  on  the  bottom 
and  top  plates  are  shown  in  Fig.  4.2  and  can  be  expressed  as 

Ti  s  Tq  +  tx',  T2  ~  T i  -  AT  -  Tq  -  AT  +  tx '  (4.1) 

where  AT  is  the  temperature  difference  between  the  two  plates 
which  may  be  negative,  zero  and  positive  depending  on  the 
relative  magnitude  of  T-j  and  •  Each  case  has  its  own  signi¬ 
ficance  In  the  practical  problem.  The  constant  t  is  the 
axial  temperature  gradient.  The  fully  developed  basic  velo¬ 
city  and  temperature  distributions  are  illustrated  in  Fig.  4.3 
and  the  expressions  for  the  unperturbed  state  are 

Uh  7'  7' 

U”  =  [1  '  T 


(4.2) 
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Fig.  4.2  Thermal  boundary  conditions  on 
the  bottom  and  top  plates 


z' 


NONLINEAR  LINEAR 
PART  PART 


Fig.  4.3  Fully  developed  velocity  and  tempera¬ 
ture  distributions  in  the 
unperturbed  state 


90 


-  f  Pry(^f)  tl  -  2(^-)2  +  (^-)3] 


=  -Pr  y  4>0(z)  -  z  (4.3) 

where  Uq  is  the  maximum  velocity  in  the  unperturbed  state, 

Pr  is  Prandtl  number  and  y  =  Rexh/AT.  It  is  noted  that  the 
characteristic  parameter  y  represents  the  effect  of  longitudi 
nal  wall  temperature  gradient  for  the  present  problem,  and 
Pry  the  magnitude  of  departure  of  Tb  from  the  linear  distri¬ 
bution. 

The  following  assumptions  are  made  to  facilitate 
the  analysis: 

(a)  Boussinesq  approximation  is  valid, 

(b)  physical  properties  are  constant, 

(c)  disturbance  quantities  and  their  derivatives  are  taken 
to  be  sufficiently  small  for  their  products  to  be  neg¬ 
lected,  i.e.,  the  equations  are  linearized  following  a 
procedure  commonly  employed  in  linear  stability  analysis 

In  order  to  investigate  the  conditions  under  which 
the  steady  fully  developed  laminar  convection  is  stable 
against  small  disturbances,  we  superimpose  the  perturbations 
on  the  basic  flow  quantities  as 


U  =  Ub  +  u's  V  =  v',W  =  w',  T  =  Tb  +  0'  and  P  =  Pb  +  p 1 

(4.4) 


where  U,  V  and  W  are  velocity  components  in  the  x',  y'  and  z' 
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directions,  respectively.  Introducing  the  non-dimensional 
quantities, 

(x,y,z)  =  ( x  '  ,  y',  z  1  )/h  ,  (u,v,w)  =  (  u  '  ,  v  '  ,w  ' ) h/v , 
e  =  e'/aT,  p  =  p'h2/pv  2,  t  =  t'v/h2,  (4.5) 

-3  2 

Grashof  number  Gr  =  g3ATh  /v  and  Reynolds  number  Re  =  UqIi/(2v) 
and  considering  the  equations  expressing  conservation  of  mass, 
momentum  and  energy,  the  linearized  equations  for  perturba¬ 
tion  components  are  obtained  in  the  following  dimensionless 
form  after  eliminating  pressure  terms. 


+  Re*u  37  -  7x,y,z>  u  ■ 


.  i£  . 


3x  Re  w  D*u 


(4.6) 


[<37  +  Re*u  37 


,2 .  a 


Vy,z>  vx,y>*  Re(D  *u  ^  +  D*u  3737^  w 

=  Gr  V20  (4.7) 


+  Re»u  3x 


P?  ’x.y.z5  0  =  (]  +  Pr^  D<t>e )  w  -  (y/Re)u 


(4.8) 
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?  2  2  2  ?  ? 
where  V  =  3  /3x  +  3  /3y  ,  V 


x  ,y  ,z 


2  2  2  2  2  2 
3  /3x  +  3  / 3y  +  3  /3z  , 


4>u  =  8z(  1  -z)  , 


4>0  »  (2z/3) ( 1  -  2z2  +  z3). 


and  D  =  d/dz  . 


There  are  4  unknowns  u,  w,  p  and  6  for  3  equations  (4.6)  to 
(4.8).  Since  3p/3x  in  equation  (4.6)  will  be  identically  zero  in 
later  discussion,  equations  (4.6)  to  (4.8)  represent  a  con¬ 
sistent  set  of  equations. 

In  order  to  show  the  region  of  interest,  we  consider 
the  following  general  form  of  disturbance. 


u  =  u*(z)  G ( x ,y  ,  t ) 


w  =  w*(z)  G(x,y,t) 


(4.9) 


e  =  e*(z)  G(x,y,t) 


p  =  p*(z)  G  ( x  ,y  ,  t ) 


where  G(x,y,t)  =  exp[i(axx  -  ct)  +  i  ayy]» 


a 


x 


2  Trh  /  (wavel  ength  in  x  direction), 


a 


y 


2  7T  h  /  (wavelength  in  y  direction), 


cr  +  1c.»  a  complex  quantity  where 


c 


■ 
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cf  is  the  circular  frequency  of  the  oscillation  and 
c^  is  the  amplification  factor. 

For  the  present  longitudinal  vortex  rolls,  the  wavelength  in 
x  direction  can  be  considered  as  infinitely  long,  and  thus  the 
wave  number  can  be  set  as  a  =  0.  Substituting  equation  (4.9) 

A 

with  a  =0  into  equations  (4.6)  to  (4.8),  we  have 

A 

[  ( D 2  -  a2)  +  i c]u*  =  Re  w*  DA  (4.10) 

[ ( D2  -  a2)  +  ic]  (D2  -  a2)w*  *  Gr  a2  6*  (4.11) 


[pV  (D2  -  a2)  +  i  c  ]  6  *  =  -  (1  +  Pru  D4>0)w*  +  (u/Re)u  (4.12) 


^2 


a  +  a  in  general  but  a  =  a„  in  this  case  and 
x  y  y 


where  a 

8  p  /  8  x  is  neglected  in  equation  (4.10).  For  marginal  stability 
c  =  0  and  we  have 


(D2  -  a2)u*  =  Re  w*  D^u  (4.1 3) 

(D2  -  a2 ) 2w*  =  Gr  a2  0*  (4.14) 


py  (D2  -  a2 )  0*  =  -  (1  +  Prp  D<j>0)w*  +  (p/Re)u*  (4.15) 
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Boundary  conditions  are 

w*  =  Dw*  =  0*  =  u*  =  0  at  z  =  0  and  1  (4.16) 

The  axial  perturbation  momentum  is  supplied  by  the 
main  flow  through  the  product  of  w*  and  R e D ^  on  the  right- 
hand  side  of  equation  (4.13)  and  is  balanced  by  the  viscous 
force  on  the  left-hand  side  of  the  equation  (4.13).  The  normal 
direction  momentum  is  supplied  by  the  buoyant  force  term  on 
the  right-hand  side  of  equation  (4.14)  and  is  balanced  by  the 
viscous  force  term  on  the  left-hand  side  of  the  equation 
(4.14).  The  thermal  energy  comes  from  two  sources;  one  is 
due  to  the  vertical  temperature  gradient  through  the  product 
of  (1  +  Pry  D^q)  and  w*  and  the  other  is  due  to  the  axial 
temperature  gradient  through  the  product  of  (y/Re)  and  u*  on 
the  right-hand  side  of  equation  (4.15).  These  two  contributions 
are  balanced  by  the  conduction  term  on  the  left-hand  side  of 
equation  (4.15).  For  the  limiting  case  when  Re  =  0  and 
y  =  Reih/AT  =  0,  equation  (4.13)  and  the  terms  Pry  D<j>0  w* 
and  (y/Re)u*  on  the  right-hand  side  of  equation  (4.15)  vanish 
identically.  This  corresponds  to  the  horizontal  thin  fluid 
layer  problem  heated  from  below  [4.7]  and  gives  us  a  critical 
Ra*  =  1707.8  with  wave  number  a  =  3.116.  For  the  case  when 
y  =  0  but  Re  f  0,  equation  (4.13)  is  retained  but  is  seen  to 
be  uncoupled  with  equation  (4.15).  This  implies  that  the  main 
flow  velocity  distribution  does  not  affect  the  stability  of 
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of  the  flow.  This  is  a  limiting  case  of  the  present  problem 
and  was  treated  analytically  and  theoretically  by  Mori  and 
Uchida  [4.6],  Let  us  focus  our  attention  on  equation  (4.15) 
now;  if  Pr  *>  0,  the  critical  Ra*  is  affected  by  the  term 
(y/Re)u*  only.  On  the  other  hand,  if  Pry  is  large  the  flow 
is  strongly  affected  by  the  main  temperature  distriubtion 
and  is  seen  to  be  almost  linearly  proportional  to  Pr  or  y. 

In  the  limit  as  |y| -*■  «  ,  a  different  characteristic  tempera¬ 
ture  based  on  the  axial  temperature  gradient  is  used  and  the 
first  term  -w*  on  the  right-hand  side  of  equation  (4.15)  can 
be  neglected.  The  governing  equations  for  this  case  will 
be  formulated  later. 

Eliminating  u*  and  9*  among  equations  (4.13),  (4.14) 
and  (4.15)  and  denoting  Ra  =  PrGr,  we  have  the  following 
governing  equation  for  w*  . 

(D2  -  a2)4w*  =  -  a2Ra[(D2  -  a2)  +  yL]w*  (4.17) 


where 

L  =  Pr(D2  -  a2 )  D  <J>  0  -  D<f>u 

=  2[4( 1  +  Pr) ( 2 2  -  1)  -  8P rz ( 1  -  z)D 
+  1  Pr( 1  -  6 z2  +  4z3 ) ( D2  -  a2)] 


(4.18) 


4 
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The  boundary  conditions  corresponding  to  equation  (4.16) 
are  now  rewritten  as. 


w*  =  Dw*  =  (D2  -  a2)2w*  =  (D2  -  a2)3w*  =0  at  z  =  0  and  1 

(4.19) 


2  2  2 

The  third  boundary  condition,  (D  -  a  )  w*  =  0 ,  is  obtained 
by  setting  0*  =  0  in  equation  (4.14)  and  the  fourth  boundary 
condition  is  derived  by  considering  both  equations  (4.14)  and 
(4.15)  and  setting  w*  =  u*  =  0. 

When  \]i\  =  | Re t h / A T |  +  AT  can  no  longer  be  taken  as  a 
characteristic  quantity.  The  quantity  xh  is  used  instead  of 
AT  for  this  case.  Equations  (4.14)  and  (4.15)  are  now 
rewritten  as 


(D2  -  a2 )  2w*  =  GrT  a2  0* 


(4.20) 


jrp  (D2  -  a2 )  9* 


PrRe  Dcf>Q  w*  +  u* 

u 


(4.21) 


Similarly,  corresponding  to  equations  (4.17)  and  (4.18), 
we  have 


(D2  -  a2)4w*  =  -  a2  ReRax[Pr(D2  -  a2)D<j)0  -  D<}>u]w*  (4.22) 


where  subscript  t  signifies  that  the  characteristic  quantity 


9 


97 


xh  is  used  instead  of  AT  for  defining  Ra .  Upon  comparing 
the  equation  ( 4  c  2  2 )  with  equations  (4J7)  and  (4.18)  we  note 
that  the  effect  of  linear  temperature  profile  term  a  Ra(D  -  a  )w* 
vanishes  and  the  parameter  Ray  is  now  replaced  by  ReRa  .  The 
boundary  conditions  posed  for  equation  (4.22)  remain  identical 
to  those  given  by  equation  (4.19). 

In  equation  (4.22),  if  the  effect  of  nonlinear  tempera¬ 
ture  profile  is  much  larger  than  the  effect  of  main  flow  direc¬ 
tion  disturbance,  then  the  last  term  on  the  right-hand  side 
of  equation  (4.22)  can  be  neglected,  and  equation  (4.22) 
becomes 


(D2  -  a2 )  3w*  =  -  a2  PrReRa  Dcf  0  w*  (4.23) 

It  is  noted  that  the  critical  value  of  PrReRa  and 

T 

wave  number  a  can  also  be  obtained  from  the  solution  of  equa¬ 
tion  (4.22)  as  the  asymptotic  case. 
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4 . 3  A  Power  Series  Solution 

In  view  of  the  considerable  complexity  of  equations 
(4.17),  (4.18)  and  (4.22),  the  numerical  technique  employed 
by  Sparrow,  et  al .  [4.8]  seems  to  be  most  effective  for  the 
present  problem.  The  unknown  function  w*  in  equation  (4.17) 
is  expressed  in  the  following  power  series 


w* 


oo 


i 

n=0 


(4.24) 


where  A's  are  constant  coefficients.  Applying  the  boundary 
conditions  (4,19)  at  z  =  0,  we  have 

Aq  =  A1  =  0,  A4  =  2a2  A2>  A&  =  3a4  A4  (4.25) 

Substituting  the  power  series  (4.24)  into  equation  (4.17) 
and  after  equating  the  coefficients  of  zn  on  both  sides  of 
the  equation,  the  following  recursion  formula  for  A  (n  >_  8) 
is  obtained. 
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Am+8  ■  4a2  Am+6  *  ^  Am+4  +  [4a<5  '  a2Ra<1  +  2Pr  ^3^Am+2 

-  [a8  -  a4Ra  +  8Pr  y  a2Ra{-  (1  +  1/Pr)  -  2m  -  a2/l 2 

-  m(m  -  l)/2}]Am 

-  16Pr  y  a2Ra[(l  +  1/Pr)m  +  m(m  -  1)  +  m(m  -  l)(m  -  2)/6]Am 

-  4m( m  -  1 ) Pr  y  a4Ra  A  0 

m-2 

+  (8m/3)(m  -  1)(m  -  2)Pr  y  a4Ra  A  ~  (4.26) 

m-o 

For  the  sake  of  brevity,  the  recursion  formula  for  equation 
(4.22)  is  omitted  here.  Now,  the  remaining  four  coefficients 
Ag»  Ag ,  Ag  and  A^  in  the  series  (4.24)  still  remain  unknown. 

The  boundary  conditions  (4.19)  at  z  =  1  provide  the  following 
homogeneous  algebraic  equations  for  these  coefficients. 


C11  C 1 2  C 1 3  C 1 4 

V 

C21  C22  C23  C24 

A3 

C31  C32  C33  C34 

A5 

C41  C42  C43  C44 

\ _ 

(4.27) 


■ 
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where  C..  ( i  , j  =  l ,2 ,3 , 4)  are  functions  of  Pr,  y,  a  and  Ra  as 

■  J 

indicated  in  Appendix  4.1.  But  for  equation  (4,22),  the 

coefficients  C.j.'s  are  functions  of  Pr,  a  and  ReRaT  only. 

The  determinant  of  the  coefficient  matrix  [C..1  must 

i  j 

be  zero  in  order  that  a  nontrivial  solution  exists;  thus 

I C i j I  -  0  .  (4.28) 

In  seeking  a  set  of  parameters  Pr,  y,  a  and  Ra  (or  Pr,  a  and 
ReRax)  satisfying  the  condition  (4.28),  the  values  for  Pr 
and  y  (or  Pr  only  when  |y|  »)  are  preassigned,  and  the  rela¬ 

tion  between  a  and  Ra  (or  ReRax)  is  sought.  The  set  of 
minimum  Rayleigh  number  Ra  (or  ReRaT)  and  the  corresponding 
wave  number  a  is  the  solution  of  the  problem  with  the  pre¬ 
assigned  Pr  and  y  (or  Pr) .  All  computations  are  performed 
by  IBM  360/67  at  the  Computing  Center  of  the  University  of 
Alberta  insuring  accuracy  for  the  first  eigenvalues  of  Ra 
such  that 


e 


n 


< 


(4.29) 


-4 

and  for  the  second  eigenvalues  e  <  10  .  The  values  of  the 

wave  number  a  and  Rayleigh  number  Ra  (or  ReRa  )  are  considered 
to  be  accurate  up  to  four  and  five  significant  figures, 
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respectively. 

In  addition  to  obtaining  the  numerical  results  for 
neutral  stability  curves,  secondary  flow  streamlines,  per¬ 
turbations  of  the  axial  velocity  and  temperature  distributions 
are  also  computed.  Secondary  flow  stream  function  \{j  is 
defined  by  v  =  d\p/  9z  and  w  =  -  8^/9y. 
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4 „ 4  Results  and  Discussion 

The  results  for  neutral  stability  curves  are  shown 
in  Fig.  4.4  The  effects  of  adverse  linear  temperature  dis¬ 
tribution,  main  flow  direction  disturbance  and  nonlinear 
temperature  profile  (see  the  corresponding  factors  (b),  (d) 
and  (c)  in  Section  4.1)  will  be  explained  clearly  using  this 
figure.  First  of  all,  if  the  flow  is  destabilized  by  the 
adverse  linear  temperature  distribution  alone,  then  we  obtain 
a  critical  Ra*  =  1707.8  and  wave  number  a  =  3.116  which  are 
exactly  the  same  as  those  found  in  the  classical  Benard 
problem.  For  the  case  when  the  top  plate  is  kept  at  higher 
temperature  level  (T2  >  T-j )  ,  the  flow  is  theoretically  always 
s  tab  1 e  . 

With  Pr  -*  0  and  y  f  0 ,  the  effect  of  main  flow  direc¬ 
tion  disturbance  also  destabilizes  the  flow,  and  the  critical 
Rayleigh  number  decreases  from  1  707.8  for  the  case  T-j  > 
and  from  infinity  for  the  case  T^  >  T-j  ,  respectively,  as  |y| 
increases.  Both  solid  and  dashed  curves  representing  positive 
and  negative  Ra ,  res pecti ve ly ,  approach  to  a  definite  value 
which  will  be  discussed  in  the  next  figure. 

Similarly,  for  Pr  f  0  and  y  f  0 ,  the  effect  of  non¬ 
linear  temperature  profile  also  destabilizes  the  flow  and 
the  two  curves  for  positive  and  negative  Ra  approach  to  each 
other.  It  is  interesting  to  note  the  asymptotic  behaviour 
for  the  case  of  |y|  -*■  00  where  the  instability  of  the  flow 
depends  on  Pr  and  ReRa^  only  (see  Fig.  4.5). 
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Fig.  4.4  Neutral  stability  curves  for  longitudinal  vortex  rolls 
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F i g „  4.5  Neutral  stability  curve  for  the  case  |jj 
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Fig.  4.5  shows  an  important  and  interesting  limiting 
case  for  Fig.  4.4.  The  solution  for  this  case  can  be  obtained 
from  equation  (4.22)  for  the  case  when  |y|  +  °°.  When  Pr  +  0, 
the  secondary  flow  is  caused  merely  by  the  main  flow  direc¬ 
tion  disturbance,  and  the  critical  value  is  ReRa  =  77865. 

T 

On  the  other  hand,  when  Pr  ■>  2  the  value  of  the  parameter 
PrReRaT  approaches  asymptot i ca 1 ly  to  20355  and  the  wave  num¬ 
ber  a  approaches  to  4.000.  At  Pr  =  2  the  value  of  PrReRa^ 
deviates  only  2%  and  the  wave  number  a  deviates  only  5%  from 
the  limiting  values  of  20355  and  4 . 000  ,  res  pec ti vel y . 

With  Pr  as  a  parameter,  the  relation  between  critical 
wave  number  a  and  the  characteri s ti c  parameter  y  is  shown  in 
Fig.  4.6.  For  the  case  T-j  >  T^,  all  the  solid  curves  start 

with  the  value  of  3.116  and  approach  asymp toti ca 1 ly  to  the 

values  for  the  limiting  case  |y|  -*  °° .  For  the  case  , 

all  the  dashed  curves  also  approach  to  the  limiting  values 
for  the  case  |y|  ■*  °°.  As  Pr  ■+  0,  the  trend  of  the  curves 
for  the  cases  of  T-j  <  is  seen  to  be  opposite  to  that  for 
a  higher  Prandtl  number.  This  is  due  to  the  effect  of  main 
flow  direction  disturbance.  As  pointed  out  earlier  in  connec¬ 
tion  with  Fig.  4.5,  the  wave  number  for  the  limiting  case 

lu  I  oo  j  5  also  seen  to  approach  the  value  of  4.000  as  Pr 
i ncreases . 

Second  critical  Rayleigh  numbers  for  the  case  T-j  >  I2 
are  shown  in  Fig.  4.7.  The  values  represented  by  the  upper 
curves  are  seen  to  be  one  order  of  magnitude  higher  than  the 
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Fig.  4.6  Critical  wave  number  versus 
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Fig.  4.7  Second  critical  eigenvalues  of  Ra 
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first  critical  eigenvalues.  The  difference  becomes  even  more 
pronounced  as  y  increases.  The  second  critical  values  may 
have  no  practical  significance  because  they  are  computed  on 
the  assumption  of  Poiseuille  flow.  The  basic  flow  and  tempera¬ 
ture  fields  may  differ  considerably  from  the  Poiseuille  flow 
profiles  at  a  Rayleigh  number  which  is  one  order  of  magni¬ 
tude  higher  than  the  first  critical  value.  However,  the 
results  indicate  that  we  may  expect  a  flow  pattern,  deter¬ 
mined  solely  from  the  first  eigenfunction,  to  exist  in  some 
regions  of  Ra  near  the  first  critical  values,  though  non¬ 
linear  terms  may  play  a  role  in  the  governing  equations  at 
high  Rayleigh  number. 

Figs.  4.8  (a,  b  and  c)  show  secondary  flow  streamlines 
and  isothermals  of  perturbation  temperature  for  three  typical 
cases.  The  values  of  i \>  and  0  are  those  obtained  by  setting 
-  A2/a  =  1.  For  case  (a),  the  isothermals  have  only  one  eye 
since  there  is  no  maximum  (or  minimum)  basic  temperature  in 
the  fluid,  otherwise,  two  eyes  exist  such  as  shown  in  cases 
(b)  and  (c).  The  horizontal  zero  perturbation  line  (6  =  0) 
and  the  center  of  vortex  move  downward  as  y  increases  for 
the  case  T^  >  T^ .  For  the  case  T ^  >  T -j  ,  the  movement  is 
opposite.  Case  (c)  in  Fig.  4.8  also  shows  a  double  vortex 
structure,  but  the  strength  of  the  upper  vortex  is  seen  to 
be  about  two  orders  of  magnitude  less  than  that  of  the  main 
vortex.  These  figures  also  indicate  the  location  of  the  maxi¬ 
mum  temperature  disturbance.  This  information  can  be  utilized 


fi 
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ry  flow  streamlines  and  iso 
of  perturbation  temperature 


no 


to  detect  the  onset  of  instability  as  will  be  discussed  in 
the  next  chapter. 

In  Fig.  4.9,  the  perturbations  of  the  axial  velocity 
component  on  line  A-A  (see  the  figure)  are  shown  for  several 
combinations  of  Pr  and  y.  In  most  cases,  the  minimum  (or 
maximum)  perturbation  velocity  is  located  at  approximately 
z  =  1/4  or  3/4. 

Finally,  for  the  completeness  of  the  present  study, 
it  is  necessary  to  show  the  region  of  parameters  (Re,  Rar, 

Ra)  where  the  longitudinal  vortex  rolls  may  have  priority  of 
appearance.  In  Fig  4.10,  the  critical  Re(  =  5400)  for  two- 
dimensional  Tol Imien-Schl i chti ng  waves  is  compared  with  the 
thermal  instability  for  Pr  =  0.7.  When  the  flow  has  a  value 
of  Re  less  than  5400  but  the  values  of  Ra  and  Ra  are  above 

T 

the  slant  straight  lines  indicated  in  the  figure  for  a  given 

value  of  y  =  ReRaT/Ra,  then  this  flow  is  considered  to  be 

unstable  predominantly  for  the  vortex  rolls.  Gage  and  Reid 

[4.9]  pointed  out  that  the  critical  Re  for  the  T-S  waves  is 

also  influenced  by  the  thermal  structure  of  the  flow.  Thus, 

the  comparison  shown  in  Fig.  4.10  must  be  considered  as 

tentative.  A  more  convenient  comparison  can  be  made  by  using 

Richardson  number,  Ri  =  -  Ra/64  PrRe  .  According  to  the 

analysis  in  reference  [4.9]  for  the  case  T-j  >  T^  ,  Pr  =  1 

-  6 

and  y  =  0 ,  in  the  region  Ri  <  -  0.92  x  10  the  vortex  rolls 
are  more  probable  than  T-S  waves.  The  criterion  is  clearly 
affected  by  the  presence  of  y  as  shown  in  Table  4.1  for 
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Fig.  4.9  Perturbations  of  axial  velocity  component 
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Pr  =  0.7.  It  is  also  seen  that  at  extremely  low  Re  there 
is  a  possibility  of  transverse  or  three  dimensional  vortex 
rolls. 


Table  4.1  Critical  values  of  Ri  (AT  >  0) 
below  which  longitudinal  vortex 
rolls  have  priority  of  appear¬ 
ance  over  the  T-S  waves 
(Pr  =  0.7) 


y  o 

10 

100 

OO 

Ri*  x  106  -1.3 

-0.91 

LO 

• 

o 

1 

0 

The  assumption  of  fully  developed  laminar  flow  should 
also  be  examined  carefully  since  instability  in  the  entrance 
region  might  be  significant  under  certain  circumstances.  To 
the  best  of  the  author's  knowledge,  the  literature  in  this 
area  is  not  available.  There  are  at  least  two  factors  which 
may  be  important  in  the  entrance  region. 

(a)  Due  to  the  th i nner 'th erma 1  boundary  layer  in  the 
entrance  region,  the  flow  may  be  more  stable. 

(b)  Due  to  the  steeper  temperature  gradient  in  the 
entrance  region,  the  flow  may  be  more  unstable. 

The  effects  of  the  above  two  conditions  are  seen  to  be  oppo¬ 
site  with  each  other.  For  condition  (a),  the  present  study 
is  still  valid.  For  condition  (b),  we  note  that  when 
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the  Influence  of  the  secondary  motion  on  the  fully  developed 
basic  velocity  and  temperature  fields  is  negligibly  small, 
and  the  growth  or  decay  of  the  motion  depends  on  the  flow 
and  thermal  structure  of  the  fully  developed  region  only, 
the  present  results  are  still  considered  to  be  valid.  There¬ 
fore,  the  validity  of  the  present  analysis  depends  on  the 
stability  of  the  flow  in  the  entrance  region.  A  further 
study  is  required  to  explore  the  instability  problem  in  the 
entrance  region.  The  numerical  results  are  tabulated  in  the 
Appendix  4.2  for  reference. 
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4 . 5  Concluding  Remarks 

(a)  The  linearized  stability  analysis  is  carried 
out  for  the  fully  developed  laminar  forced  convection  between 
two  infinite  horizontal  flat  plates  subjected  to  identical 
uniform  axial  temperature  gradient  but  maintained  at  tempera¬ 
tures  and  (T-j  >  T^ ,  T-,  <  T^  anc*  Ti  =  T^)  at  lower  and 
upper  surfaces,  respectively.  The  limiting  case  of  vanishing 
axial  temperature  gradient  and  heating  from  below  (T-j  >  1^) 
reduces  to  the  problem  studied  by  Mori  and  Uchida  [4.6]  and 
also  to  the  classical  Benard  convection  problem  (Roll-type 
convection)  [4.7]  mathematically.  In  addition  to  the  two 
destabilizing  effects  such  as  the  adverse  vertical  tempera¬ 
ture  gradient  [4.7]  and  the  nonlinear  temperature  profile 
[4.8]  considered  in  the  literature,  the  present  study  con¬ 
siders  one  additional  destabilizing  effect  in  the  form  of  the 
convective  motion  of  the  main  flow  direction  disturbance. 
Consequently,  from  the  viewpoint  of  destabilizing  effects, 
the  present  work  can  be  considered  as  more  general  than  the 
earlier  works  [4.6,  4.7,  4.8].  The  effect  of  Prandtl  number 
on  thermal  instability  is  also  studied  comprehensively. 

(b)  The  forced  convection  between  two  horizontal 
flat  plates  considered  in  the  present  chapter  is  destabilized 
by  linear  and  nonlinear  parts  of  the  basic  temperature  dis¬ 
tribution  and  also  by  the  convective  motion  of  the  main  flow 
direction  disturbance.  For  the  case  of  |y|  -*■  0  (see  equations 
(4.3)  and  (4.15)),  the  linear  part  of  the  basic  temperature 
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distribution  dominates  the  instability  of  the  flow.  For  the 
case  of  Pr|]j|  +  »  (see  again  equations  (4,3)  and  (4.15)),  the 
nonlinear  part  of  the  basic  temperature  distribution  destabi¬ 
lizes  the  flow.  Furthermore,  for  the  case  of  Pr  ■*  0  and 
| u  |  +  00  the  convective  motion  of  the  main  flow  direction 
disturbance  plays  an  important  role  in  destabilizing  the  flow. 
It  is  interesting  to  note  that  when  Pr  _>  0(1),  the  neutral 
stability  curves  shown  in  Figs.  4.4  and  4.5  already  approach 
to  their  respective  asymptotic  values  for  Pr  -*  °°. 

(c)  The  critical  wave  number  a  depends  on  the  values 
of  Pr  and  y .  For  example,  for  positive  Ra,  as  y  is  increased 
from  0,  the  wave  number  a  starts  deviation  from  3,116  and 
approaches  to  a  limiting  value  at  a  certain  value  of  y  for 

a  given  Prandtl  number. 

(d)  Most  recently,  Kurzweg  [4.10]  studied  stability 
of  natural  convection  within  an  inclined  channel.  He  found 
that  the  critical  Grashof  number  for  the  onset  of  longitudinal 
vortex  rolls  between  inclined  parallel  plates  with  an  angle 

cp  with  respect  to  the  vertical  is 

Gr*  =  (  cons  t/ Pr )  cs  c  <J>  (4.30) 

or 

Ra*  sin  4>  =  1707.8  (4.31) 

The  problem  treated  by  Kurzweg  corresponds  to  the  limiting 
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case  y  =  0  for  the  present  problem  if  a  plane  channel  is 
inclined  at  the  angle  <J>  with  respect  to  the  vertical.  It 
is  noted  that  the  stability  curves  shown  in  Figs.  4.4  and 
4.5  can  also  be  applied  to  the  inclined  plane  channel  by 
simply  replacing  Ra*  and  ReRa^*  by  Ra*  sin  4  and  ReRa^* 
sin  <j> ,  respectively,  for  the  inclination  angle  effect  pro¬ 
vided  that  the  basic  velocity  and  temperature  profiles  are 
still  given  by  equations  (4.2)  and  (4.3),  res pect i vel y . 
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Appendix  4.1  The  Elements  of  Matrix  [C..1 
— —  i  j 


1  20 


_  1  ±  2a2  3a4  ^ 

11  2  4!  6!  K1  ,2 


C  =  —  +  K 
U12  3!  H  ,3 


C 1  3  5!  +  K1 ,5 


C 1  4  7!  +  K1 ,7 


2a  ^  3  a  ^ 

C2 1  =  1  +  37“  +  5 T~  +  K2,2 


C  22  2  +  K2,3 


C  23  4!  +  K2,5 


24  6 S  +  K2,7 


'31 


-  2a2  +  2a2  ( 1  -a2 )  +  3a4  {~ 


12^  +  K3,2 


C32  2a  +  K3,3 


C  <3  o  =  1  "  3 —  +  K0  c 
33  3  3,5 


C3  4  3*  In'  +  K3,7 
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C41  =  3a4  +  6a4  (|1  -  1)  +  3a4  (1  -  1|1  +  |1)  +  k4  2 


C42  “  3a  +  K4,3 


C43  =‘3a2  +  f~  +  K4 , 5 


C44  =  1  *  f~  +  W  +  K4,7 


m  B  . 

where  K  -  =  T  — £UJ- 


=  Y  _LL 
’•J  n=8  n 


m  B  . 

k"  V  n ,  j 

2,j  '  nfg  Tn-lT ! 


m 


k3  j s  n 

n=8 


1 


2a1 


( n -4) !  ‘  rn-2T!]Bn,j 


m  l 

K4  j  =  l 

n  =  8 


3a2  ,  3a4 


!  -  ( n-4) !  +  (n-2) !]Bn,j 


j  =  2,  3 ,  5 ,  7, 


and  B 1 s  are  the  coefficients  in  the  following  equation  for 
An  ( n  >_  8)  [c.f.  equation  (4,26)]. 
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A  =  13  0Ao  +  B  7A~  +  B  CAC  +  B  7A7 
n  n ,  2  2  n ,  3  3  n  ,  5  5  n  ,  7  7 


Infinite  series  for  K's  were  terminated  when  the  desired 
convergence  was  obtained. 
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Appendi x  4 . 2  Numerical  Results 
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Pr  =  0,7 
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Critical  ReRa^  for  the  case  of  |y|  +  °° 
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CHAPTER  V 


AN  EXPERIMENTAL  INVESTIGATION  OF  THERMAL  INSTABILITY 

IN  PLANE  POISEUILLE  FLOW* 


5 . 1  I n troducti on 

The  effects  of  buoyancy  forces  on  fully  developed 
laminar  forced  convection  in  horizontal  rectangular  channels 
under  the  thermal  boundary  conditions  of  axially  uniform 
wall  heat  flux  and  peripherally  uniform  wall  temperature 
were  studied  by  Cheng  and  Hwang  [2.5]  for  various  aspect 
ratios.  It  was  found  that  as  the  aspect  ratio  (width/height) 
increases,  the  eyes  of  the  vortices  move  further  toward  the 
shorter  vertical  side  walls.  Consequently,  the  effect  of 
buoyancy  forces  is  negligible  as  the  aspect  ratio  approaches 
infinity.  However,  in  reality,  another  type  of  secondary 
flow  may  arise  leading  to  a  thermal  instability  problem  dis¬ 
cussed  in  Chapter  IV.  The  thermal  instability  of  a  horizontal 
fluid  layer  subjected  to  various  boundary  conditions  has  been 
studied  very  extensively,  both  theoretically  and  experiment¬ 
ally  in  the  past.  For  the  horizontal  fluid  layer  subjected 
to  an  adverse  temperature  gradient  (with  the  lower  surface 
temperature  T-j  higher  than  the  upper  surface  temperature  T^), 

*  More  complete  results  of  this  work  are  reported  in  [5.1]. 

The  contribution  of  Mr.  M.  Akiyama  to  the  work  described 
here  is  clearly  stated  in  the  Acknowledgement. 
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the  system  is  potentially  unstable  because  of  its  top-heavy 
situation  and  the  onset  of  secondary  motion  is  marked  by  a 
critical  Rayleigh  number.  For  a  horizontal  fluid  layer  with¬ 
out  forced  flow,  the  system  is  always  stable  theoreti cal ly 
if  the  upper  surface  is  maintained  at  higher  temperature 
than  the  lower  surface,  namely  >  T-j  .  However,  with  the 
main  flow  in  the  horizontal  direction  and  the  fluid  tempera¬ 
ture  less  than  both  T-j  and  T2  ,  the  region  near  the  lower  sur¬ 
face  will  again  be  subjected  to  an  adverse  temperature  gradi¬ 
ent  and  the  system  is  now  potentially  unstable.  We  can  easily 
see  that  the  critical  Rayleigh  number  would  be  higher  when 
T2  >  T-j  than  when  T-j  >  T2 .  In  other  words,  with  the  main 
flow  in  the  horizontal  direction,  the  onset  of  convection  is 
always  possible  with  either  T-j  >  T2  or  T2  >  T-j  . 

A  theoretical  investigation  of  the  thermal  instability 
was  carried  out  in  Chapter  IV  to  determine  the  conditions 
marking  the  onset  of  longitudinal  columnar  vortices  due  to 
buoyant  forces  in  a  fully  developed  laminar  flow  between  two 
infinite  horizontal  parallel  plates  (see  Figs.  4.1  and  5.1). 

The  thermal  boundary  conditions  of  uniform  axial  temperature 
gradient  and  temperatures  T-j  and  T2  at  the  lower  and  upper  sur¬ 
faces,  res pecti ve ly; were  considered.  The  theoretical  results 
in  Chapter  IV  show  that  for  the  case  of  T-j  /  T2,  the  critical 
Rayleigh  number  depends  on  the  dimensionless  parameter  y 
characterizing  the  effect  of  the  uniform  axial  temperature 
gradient,  and  also  Prandtl  number.  On  the  other  hand,  for 
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Configuration  and  coordinate  system 


the  case  of  T-j  =  ,  the  critical  ReRaT  depends  on  Prandtl 

number  only.  As  shown  in  Fig.  5.1,  the  eigenvalue  and  boun¬ 
dary-value  problems  may  exist  side  by  side  for  the  horizontal 
rectangular  channel  with  aspect  ratio  say  around  10. 

Recently,  Mori  and  Uchida  [4.6]  carried  out  a  theore¬ 
tical  and  experimental  study  on  the  effect  of  longitudinal 
vortex  rolls  on  forced  convective  heat  transfer  between  two 
horizontal  plates  for  the  limiting  case  of  vanishing  axial 
temperature  gradient  t  =  0  where  the  lower  plate  is  heated 
isothermally  and  the  upper  plate  is  cooled  i sothermal ly . 

More  recently,  Sparrow  and  Husar  [5.2]  reported  an  experi¬ 
mental  investigation  on  the  occurrence  and  characteristics 
of  longitudinal  vortices  superposed  upon  the  natural  convec¬ 
tion  main  flow  on  an  inclined  plate.  Experimentally,  the 
longitudinal  vortices  were  also  observed  by  Terada  and  Tamano 
[5.3]  in  Poiseuille  flow,  and  by  Chandra  [5.4]  and  others 
in  Plane  Couette  flow,  all  heated  from  below. 

In  the  present  experimental  investigation,  the  onset 
of  longitudinal  vortices  for  the  fully  developed  laminar 
forced  convection  between  two  horizontal  flat  plates  subjected 
to  uniform  axial  wall  temperature  gradient  with  air  as  a  work¬ 
ing  fluid  is  studied  to  verify  the  theoretical  results  reported 
Chapter  IV.  The  secondary  flow  in  the  present  problem  arises 
from  the  destabilizing  effects  due  to  the  adverse  temperature 
gradient  and  also  the  advective  motion  of  the  main  flow  dis- 
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5 . 2  Experimental  Apparatus  and  Procedure 

The  schematic  diagram  of  the  testing  apparatus  is 
shown  in  Fig.  5.2.  Air  from  a  centrifugal  blower  or  air  tap 
passes  through  a  settling  chamber  and  enters  a  horizontal 
rectangular  channel  (cross  section  11"  x  1"  or  1/2"),  The 
test  section  is  constructed  by  two  mirror-like  smooth  brass 
plates  (6'  x  1'  x  1/8")  with  side  walls  made  of  marinite  in¬ 
sulator  and  reinforced  by  steel  bars  for  accurate  dimension. 

In  order  to  insure  uniform  heating,  the  heating  elements  and 
the  brass  plates  are  separated  by  a  3/16"  thick  aluminum  plate. 
The  heating  elements  consist  of  0.008"  x  1/8"  Nikrothal  tape 
wound  around  1/16"  thick  mica  sheet  with  a  pitch  of  3/8" 
and  the  electrical  insulation  is  provided  by  1/16"  thick  mica 
sheets.  The  heaters  for  each  plate  were  subdivided  into 
thirteen  segments  in  the  direction  of  the  main  flow  with  each 
segment  consisting  of  one  main  heater  and  two  guard  heaters, 
one  on  each  side.  Each  heater  can  be  controlled  individually 
by  a  voltage  controller  and  two  large  capacity  voltage  con¬ 
trollers  were  used  to  regulate  the  temperature  difference 
between  the  upper  and  lower  plates.  The  surface  temperature 
of  the  flat  plates  is  measured  by  i ron-cons tantan  thermo¬ 
couples  (0.01"  dia.)  embedded  in  the  brass  plates  and  elec¬ 
trically  insulated  to  minimize  the  electrical  noise  on  the 
temperature  recording  system. 

The  flow  rate  of  the  air  is  measured  by  providing  a 
metering  orifice  as  shown  in  Fig.  5.2  where  the  pressure 


no 


131 


Fig. 5.2  Schematic  diagram  of  experimental  apparatus  (unit: inch) 
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difference  is  measured  by  Chattock  type  manometer.  The  meter 
ing  system  is  calibrated  by  a  rotary  type  gas  meter  with  an 
error  of  approximately  0.5  per  cent.  Throughout  the  experi¬ 
ment,  the  Reynolds  number  is  kept  below  100  in  order  to 
eliminate  the  growth  of  any  undesirable  hydrodynamic  dis¬ 
turbances  which  may  be  caused  by  any  irregularity  of  the 
flow  passage. 

Smoke  generator  is  located  at  some  distance  ahead 
of  the  metering  orifice  as  shown  in  Fig.  5.2.  This  arrange¬ 
ment  yields  a  fairly  uniform  smoke  distribution  in  the  test 
section.  The  flow  visualization  technique  is  confirmed  by 
the  experimental  verification  of  the  well  known  critical 
Rayleigh  number  of  1708  for  the  limiting  case  y  =  0  and  the 
determination  of  the  critical  ReRa^  by  transverse  temperature 
measurement  for  the  case  |y|  ->  °°  which  will  be  described 
later.  It  may  also  be  of  interest  to  note  that  the  cigarette 
smoke  is  selected  for  this  experiment  because  of  its  smallest 
particle  size  among  the  many  smoke  sources  available. 

Two  types  of  test  section  are  used  for  the  experiment 
In  one  series  of  tests,  the  channel  height  is  kept  at  h  = 

1/2"  with  the  upper  plate  having  either  heating  elements  or 
water  cooling  system.  The  latter  consists  of  nine  indepen¬ 
dently  controlled  segments  arranged  in  the  direction  of  main 
flow  [5.1].  For  a  given  value  of  the  Reynolds  number  and  a 
channel  height  h,  an  examination  of  the  characteristic  para¬ 
meter  y  =  Rexh/AT  shows  that  the  parameter  y  can  be  increased 
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by  adjusting  either  the  axial  temperature  gradient  t  or  the 
temperature  difference  AT.  However,  there  is  an  upper  limit 
to  the  value  of  the  temperature  gradient  t  to  be  imposed 
since  in  the  theoretical  analysis  (see  Chapter  IV),  the 
physical  properties  are  all  considered  to  be  constant  except 
for  the  density  in  the  buoyancy  term.  We  also  note  that  for 
a  given  channel  height  h  and  the  type  of  fluid  such  as  air 
the  only  way  one  can  raise  the  Rayleigh  number  is  by  increas¬ 
ing  the  temperature  difference  AT  between  the  two  plates. 
Consequently,  it  is  found  that  the  value  of  the  characteristic 
parameter  y  can  not  exceed  around  10  with  h  =  1/2".  This 
channel  is  found  to  be  quite  satisfactory  for  the  experiment 
with  y  =  0  and  the  positive  Rayleigh  number  for  y  <  10. 

In  another  series  of  tests,  the  channel  height  is 
raised  to  h  =  1"  with  the  upper  plate  having  heating  element 
only  [5.1].  This  modification  enables  us  to  carry  out  the 
experiment  at  higher  values  of  the  characteristic  parameter 
y  and  is  found  to  be  very  satisfactory  for  the  case  of  y  =  0 
and  the  case  of  negative  Rayleigh  number. 
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5 . 3  Experimental  Results  and  Discussion 

In  order  to  confirm  fully  developed  laminar  flow  at 
the  test  section,  measurements  for  the  velocity  profile  in 
the  vertical  direction  through  the  center  of  the  channel  are 
made  at  several  axial  stations.  The  typical  results  for  the 
measurements  made  at  the  distance  x'  =  57  in.,  62  in.,  and 
67  in.,  respecti vely ,  from  the  entrance  of  the  channel  with¬ 
out  heating  are  shown  in  Fig.  5.3  with  comparison  made  against 
the  theoretical  plane  Poiseuille  profile.  It  is  found  that 
there  is  no  difference  between  the  Poiseuille  profile  for  the 
paral 1  el -pi  ate  channel  and  the  theoretical  result  for  the 
rectangular  channel  (11  in.  x  1  in.)  through  the  center.  Since 
a  flow  between  two  infinite  horizontal  parallel  plates  is 
simulated  by  a  horizontal  rectangular  channel  with  finite 
aspect  ratio,  the  extent  of  the  influence  of  the  two  side 
walls  must  be  ascertained.  For  this  purpose,  the  transverse 
velocity  profile  through  the  center  of  the  channel  is  also 
measured  with  a  typical  result  compared  against  the  theore¬ 
tical  curve  for  the  rectangular  channel  in  Fig.  5.4.  Figs. 

5.3  and  5.4  show  clearly  that  the  velocity  distribution  is 
fully  developed  at  the  measuring  stations  even  at  relatively 
high  Reynolds  number  of  160.  Consequently,  with  lower  Reynolds 
number,  we  are  further  assured  of  the  fully  developed  flow 
regime.  It  is  also  seen  that  a  considerably  wide  central 
region  of  around  7 h  ( h  =  1  in.)  may  be  considered  as  fully 
developed  Poiseuille  profile  for  the  paral 1  el -pi  ate  channel. 
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Fig. 5.3  Comparison  of  experimental  data  with  theoretical  velocity 
distribution  at  y'=  0  with  h  =  1  inch  and  Re  =  160 
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Fig. 5.4  Comparison  of  experimental  data  with  theoretical  velocity 
distribution  along  transverse  direction  y'at  z'/h  =  0.5 
with  h  =  1  inch  and  Re  =  160. 
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We  can  conclude  that  the  aspect  ratios  of  the  rectangular 
channel  used  are  sufficiently  large  to  simulate  plane  Poise- 
uille  flow  in  the  central  region  of  the  channel. 

In  addition  to  the  confirmation  of  hydr ody nami ca 1 1 y 
fully  developed  laminar  flow,  thermally  fully  developed  tempe¬ 
rature  field  is  also  ascertained  by  temperature  measurements 
at  several  axial  stations  and  typical  results  of  the  tempera¬ 
ture  measurements  in  the  vertical  direction  through  the  center 
of  the  channel  are  shown  in  Fig.  5.5  for  the  thermal  boundary 
conditions  of  T-j  =  and  uniform  temperature  gradient  (1.85°F/ 
in.)  in  the  axial  direction.  The  solid  curve  in  Fig.  5.5 
represents  the  theoretical  plane  Poiseuille  flow  profile  and 
we  can  see  that  the  agreement  is  good.  We  may  add  that  the 
linear  temperature  distributions  in  the  axial  direction  for 
both  upper  and  lower  plate  are  quite  s ati s f ac tory . 

The  primary  purpose  of  this  investigation  is  the 
experimental  determination  of  the  critical  Rayleigh  number 
for  the  onset  of  the  longitudinal  vortex  rolls  and  the  com¬ 
parison  with  the  theoretical  neutral  stability  curves  pre¬ 
sented  in  Chapter  IV.  The  onset  of  the  columnar  vortices 
is  determined  by  flow  visualization  and  confirmed  also  by 
transverse  temperature  profile  measurement  for  the  case  of 
| y  |  •+  °°.  Based  on  the  theoretical  result  for  isothermals  of 
perturbation  temperature  reported  in  Fig.  4.8  of  Chapter  IV, 
transverse  temperature  measurements  are  made  at  z'  =  h/4  from 
the  bottom  plate  surface  in  the  central  region  of  the  channel 
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Fig. 5.5  Comparison  of  experimental  data  with  theoretical  temperature 

distribution  at  y'  =  0  with  Re  =  140,  h  =  1  inch, 

t  =  1.85°F/in.  and  T  =  85.6°F  at  x* =  62  inches 

w 
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in  order  to  obtain  approximately  maximum  temperature  fluctua¬ 
tion.  For  the  purpose  of  flow  visualization  and  photographing 
the  flow  pattern  from  the  exit  of  the  channel,  the  channel  is 
illuminated  by  two  light  sources  through  two  side  slits  of 
1/8  in.  width  located  at  9  in.  from  the  exit  as  illustrated 
in  Fig.  5.2.  Temperature  measurement  is  made  using  two-dimen¬ 
sional  traversing  mechanism  for  a  thermocouple  under  smoke 
free  condition. 

In  this  investigation,  the  experiment  is  done  for  the 
following  four  cases  : 

(a)  The  characteristic  parameter  y  =  Rexh/AT  =  0 

or  x  =  0,  T-j  >  T^  and  Re  f  0.  This  case  is  specifically  de¬ 
signed  to  check  the  accuracy  of  the  testing  apparatus  by 
utilizing  the  well  known  critical  Rayleigh  number  of  1708 
regardless  of  the  presence  of  forced  flow.  We  note  that  the 
variation  of  Reynolds  number  has  no  effect  on  the  onset  of 
the  secondary  flow.  However,  at  extremely  low  Reynolds  num¬ 
ber,  the  longitudinal  vortices  may  disappear, 

(b)  The  case  of  y  >  0,  Ra  >  0  ( T -j  >  T2),  and  x  = 
constant.  The  data  for  this  case  are  obtained  from  the 
channel  with  height  h  =  1/2  in.  and  the  magnitude  of  the 
parameter  y  is  limited  to  around  7  because  of  the  limitation 
imposed  by  the  height  of  the  channel  as  explained  earlier. 

(c)  The  Rayleigh  number  is  negative  (T2  >  T-j  )  and 
x  =  constant.  The  range  of  the  characteristic  parameter 
used  is  -6  >  y  >  -60.  This  case  of  negative  Rayleigh  number 
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allows  us  to  traverse  the  stable,  neutral  and  unstable  regions 
by  simply  varying  the  Reynolds  number.  The  data  for  this 
case  are  obtained  from  the  channel  with  h  =  1  in. 

(d)  The  limiting  case  of  |y|  00  where  the  top  and 

bottom  plates  are  kept  at  the  same  temperature  with  the  uni¬ 
form  axial  wall  temperature  gradient.  This  case  is  of 
interest  in  practical  application. 

The  experimental  results  on  the  determination  of  the 
critical  Rayleigh  number  for  the  above  four  cases  will  be 
explained  next.  For  case  (a)  with  vanishing  axial  temperature 
gradient,  the  eigenvalue  problem  concerning  with  the  onset 
of  the  vortex  rolls  is  independent  of  the  fully  developed  vel¬ 
ocity  profile  and  the  problem  is  identical  to  that  solved  by 
Pellew  and  Southwell  [4.7].  Th e . i ns  tab i 1 i ty  of  the  problem 
is  solely  due  to  the  adverse  temperature  gradient  in  the 
vertical  direction.  The  flow  patterns  of  the  vortex  rolls 
at  Ra  =  4160  for  the  channel  with  h  =  1  in.  are  shown  in 
Fig.  5.6  for  several  different  Reynolds  numbers.  For  a 
given  Rayleigh  number,  the  number  of  closed  streamlines  in¬ 
creases  as  the  Reynolds  number  decreases.  This  is  clearly 
seen  in  Fig.  5.6.  For  the  cases  with  Ra  >  1708,  the  flow 
pattern  is  very  regular  and  the  pitch  of  the  vortex  rolls 
does  not  seem  to  change  appreciably.  Mori  and  Uchida  [4.6] 
note  that  the  wavelength  predicted  by  the  linearized  theory 
agrees  with  the  experimental  results  only  up  to  h  =  15  mm  and 
the  wavelength  remains  constant  if  h  >  15  mm.  However,  the 
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Ra  =  4,160,  Re  =  46.9,  and  a  =  3.31 


Fig. 5.6 Secondary  flow  patterns  for  the  case  y  =  0  and  h  =  1  inch 
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result  of  the  present  study  for  the  case  h  =  1  in.  clearly 
contradicts  with  their  result.  It  is  believed  that  as  long 
as  the  flow  is  fully  developed  and  the  temperature  difference 
AT  remains  small  enough  so  that  Bousinnesq  approximation  is 
valid,  the  linearized  theory  can  be  applied  even  for  the  case 
when  h  >  15  mm.  The  results  of  flow  visualization  for  this 
case  with  y  =  0  are  plotted  in  Fig.  5.7  where  a  cross  means 
no  detectable  secondary  flow,  a  triangle  means  uncertain 
situation  and  a  circle  means  definitely  observable  secondary 
motion.  Since  the  experimental  data  confirm  well  the  well- 
known  critical  Rayleigh  number  of  1708,  we  may  conclude  that 
the  testing  apparatus  yields  sufficiently  accurate  data. 

For  the  reasons  explained  earlier,  the  channel  with 
height  h  =  1/2  in.  is  not  suitable  for  the  experiments  in¬ 
volving  the  case  when  |y|  >  8.  Case  (b)  of  the  experiment 
is  conducted  using  this  channel.  For  this  case  the  instability 
is  caused  by  the  presence  of  both  the  adverse  temperature 
gradient  in  the  vertical  direction  and  the  product  of  axial 
temperature  gradient  x  and  the  main  flow  velocity  disturbance. 
An  examination  of  the  neutral  stability  curve  for  the  case 
of  positive  Rayleigh  number  (T-j  >  T£ )  for  the  air  (see  Fig. 

5.7)  shows  that  the  slope  of  the  curve  is  rather  small  for 
the  value  of  y  ranging  from  1  to  10.  Consequently,  in  order 
to  obtain  a  series  of  data  crossing  the  theoretical  stability 
curve,  we  must  adjust  the  temperature  difference  AT  between 
the  two  plates  and  this  requires  quite  a  long  time.  For  this 
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series  of  experiment,  the  temperature  difference  AT  ranges 
from  20  to  35°F  and  the  axial  temperature  gradient  x  ranges 
from  1 o  5  to  4.0°F/in.  The  experimental  data  from  flow  visua¬ 
lization  are  plotted  in  Fig.  5.7.  The  difficulties  encountered 
by  the  channel  with  h  =  1/2  in.  can  be  overcome  readily  by 
increasing  the  channel  height  to  h  =  1  inch. 

The  experimental  data  for  the  case  of  negative 
Rayleigh  number  ( T^  >  T^ )  using  channel  height  h  =  1  in. 
will  be  discussed  next.  It  will  be  recalled  that  for  the 
horizontal  fluid  layer  with  main  flow  but  with  vanishing 
axial  temperature  gradient,  the  flow  is  theoreti ca 1 ly  always 
stable.  With  main  flow  and  axial  temperature  gradient,  the 
instability  is  again  caused  by  the  adverse  temperature  gradient 
which  exists  near  the  lower  plate  and  the  product  of  axial 
temperature  gradient  x  and  the  main  flow  velocity  disturbance 
u1.  An  examination  of  the  theoretical  neutral  stability  curve 
for  this  case  (see  Fig.  5.7)  shows  that  it  is  convenient  to 
cross  the  neutral  stability  curve  by  changing  the  value  of 
y  (or  Reynolds  number).  For  this  series  of  tests,  the  tempe¬ 
rature  difference  AT  between  the  two  plates  is  kept  generally 
between  a  few  degrees  to  less  than  10°F  and  the  axial  tempe¬ 
rature  gradient  x  is  kept  constant  in  each  case  with  the 
value  ranging  from  0.81  to  0.96°F/inch. 

The  experimental  data  from  flow  visualization  for 
the  case  of  negative  Rayleigh  number  are  compared  against  the 
theoretical  neutral  stability  curve  in  Fig.  5.7.  Fig.  5,8 
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Ra  =  -1,520,  Re  =  78.5,  y  =  -26.2,  and  a  =  4.7 


Ra  =  -1,500,  Re  =  67.4,  y  =  -22.8,  and  a  =  4.3 


Ra  =  -1,460,  Re  =  44.3,  and  y  =  -15.3 


Ra  =  -1,445,  Re  =  27.4,  and  y  =  -9.45 


Fig. 5.8  Formation  of  secondary  flow  patterns  with  free  convection 
effect  for  the  case  of  negative  y  and  h  =  1  inch 
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illustrates  a  series  of  flow  pattern  starting  from  stable 
state  to  post-critical  regime.  At  p  =  -9.45  and  Ra  =  -1445, 
we  can  see  that  laminar  free  convection  from  heated  vertical 
side  wall  extends  to  about  3h  in  the  horizontal  direction. 
Noting  that  the  channel  width  is  llh  in  this  case,  we  con¬ 
clude  that  the  side  wall  effect  is  considerable.  We  can  see 
the  distribution  of  smoke  particles  in  the  central  region 
which  is  still  stable.  This  situation  is  marked  as  a  cross 
in  Fig.  5.7.  At  y  =  -15.3  and  Ra  =  -1460,  we  can  barely 
detect  the  motion  of  smoke  particles  in  the  horizontal  direc¬ 
tion  and  the  extent  of  free  convection  effect  due  to  side 
walls  increases  slightly.  This  situation  is  marked  as  a 
triangle  in  Fig.  5.7  indicating  the  uncertain  situation.  It 
is  seen  that  the  smoke  particles  occupy  the  lower  half  of  the 
central  region  of  the  channel.  At  y  =  -22.8  and  Ra  =  -1500, 
three  pairs  of  longitudinal  vortices  appear  clearly  and  this 
situation  is  marked  as  a  circle  in  Fig.  5.7  indicating  de¬ 
finite  instability.  The  deviation  from  the  theoretical 
stability  curve  for  the  two  sets  of  experimental  data  at 
higher  values  of  Rayleigh  number  can  be  attributed  to  the 
free  convection  effect  due  to  side  walls  and  variable  property 
effect. s  The  remaining  three  sets  of  experimental  data  at 
lower  values  of  Rayleigh  number  are  considered  to  be  quite 
satisfactory  and  in  particular  at  Ra  =  -800  the  agreement 
with  theory  is  excellent. 

The  experimental  data  from  flow  visualization  and 
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transverse  temperature  measurement  for  the  limiting  case  of 
| y  |  +  00  are  compared  against  the  theoretical  critical  value 
of  ReRax  =  2.13  x  104  in  Fig.  5.9.  One  set  of  flow  patterns 
illustrating  the  gradual  development  of  secondary  flow  start¬ 
ing  from  completely  stable  state  to  the  post-critical  state 
is  shown  in  Fig.  5.10.  The  general  situation  is  similar  to 
the  ones  discussed  earlier.  In  addition  to  the  photographic 
results,  experimental  data  from  the  transverse  temperature 
profile  measurement  made  at  a  distance  z1  =  h/4  from  the 
lower  plate  surface  are  presented  in  Fig.  5,11  and  these 
correspond  to  the  test  run  number  2  in  Fig,  5.9,  Referring 

4 

to  Fig,  5,11,  at  ReRa^  -  1.23  x,  10  ,  we  can  detect  slight 
variation  of  transverse  temperature  distribution  but  this 
result  is  marked  as  a  cross  in  Fig.  5.9  indicating  stability 
because  of  its  rather  uniform  distribution  and  uncertain 

4 

nature  of  disturbances.  At  ReRaT  =  2.65  x  10  ,  we  can  see 
definite  fluctuation  of  transverse  temperature  profile  around 
mean  temperature  but  this  result  is  considered  to  be  uncertain 
in  Fig.  5,9  since  the  pitch  is  not  clearly  defined  yet.  At 

4 

ReRa^  =  3,37  x  10  ,  we  can  see  the  periodic  distribution 
indicating  the  definite  establishment  of  the  secondary  flow. 
With  further  increase  of  ReRa^,  the  amplitude  of  the  periodic 
temperature  distribution  increases  further  indicating  stronger 
secondary  flow  intensity.  For  the  limiting  case  of  |y|  -*■ 
the  experimental  data  from  visualization  and  transverse  tempe¬ 
rature  measurement  confirm  each  other  serving  to  demonstrate 
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Ra^.  -  558,  Re  =  46.9,  ReRa^  =  2.61x10^,  and  a  =  4.36 


Ra  =  554,  Re  =  36.7,  and  ReRa  =  2.03x10^ 
t  x 


4 

Ra  =  556,  Re  =  32.3,  and  ReRa  =  1.8x10 
x  T 


Fig. 5.10  Formation  of  secondary  flow  patterns  with  free  convection 
effect  for  the  case  |y|  -*•  00  and  h  =  1  inch 
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the  adequacy  of  the  flow  visualization  technique. 

Fig.  5.12  summarizes  the  data  for  the  variation  of 
wave  number  a  =  2Trh/(wave  length)  with  the  characteristic 
parameter  |y|  in  the  post-critical  regime.  The  curves  for 
critical  wave  number  versus  |y|  from  theory  are  also  shown. 

The  results  from  thermocouple  data  are  shown  as  square  and 
the  solid  circle  or  square  represents  the  closest  data  point 
near  the  theoretical  curve  for  a  given  series  of  tests.  For 
the  limiting  case  of  y  =  0,  the  solid  circles  are  seen  to  be 
located  quite  close  to  the  theoretical  value  of  a  =  3.116. 

The  remaining  data  also  do  not  deviate  very  far  from  the 
theoretical  value  of  a  =  3.116.  For  the  case  when  |y|  -*  00 , 
the  experimental  data  show  a  definite  increase  of  the  wave 
number  (or  decrease  of  the  wavelength)  with  the  variation 
of  ReRa^.  The  solid  circles  and  squares  check  very  well  again 
with  the  theoretical  value  a  =  3.621.  For  the  case  of  nega¬ 
tive  y  (or  negative  Rayleigh  number),  the  solid  circles 
generally  follow  the  theoretical  curve  but  the  other  data 
show  some  uncertain  result.  Because  of  the  free  convection 
effect  from  the  side  walls,  experimental  errors  and  other 
uncertainties,  the  above  remark  must  be  considered  as  tenta- 
ti  ve . 

Finally,  we  note  that  the  case  of  \\i\  +  00  corresponds 
to  the  limiting  case  of  infinite  aspect  ratio  for  the  combined 
free  and  forced  laminar  convection  in  horizontal  rectangular 
channel  reported  in  reference  [2.5].  For  the  problem  dis- 
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Fig. 5.12  Comparison  of  critical  wave  number  versus  |y| from  theory 
with  experimental  data  from  post-critical  regime. 
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cussed  in  reference  [2,5],  secondary  motion  exists  only  near 
the  side  walls.  Theoretical  analysis  in  Chapter  IV  reveals 
the  possibility  of  secondary  flow  even  in  the  case  of  infinite 
aspect  ratio.  The  present  experimental  study  (see  Fig.  5.10) 
reveals  further  that  with  the  aspect  ratio  of  11  used  in  the 
experiment,  another  type  of  secondary  flow  in  the  form  of 
longitudinal  vortices  due  to  thermal  instability  will  appear 
at  a  certain  critical  R  e  R  a  ^  depending  on  Prandtl  number  in 
addition  to  the  known  secondary  motion  due  to  free  convection 
near  the  side  walls.  The  practical  implication  of  Fig.  5.10 
is  significant  since  it  reveals  that  with  the  aspect  ratio 
of  around  10  for  the  horizontal  rectangular  channel,  the  flow 
and  heat  transfer  characteristics  cannot  be  predicted  with  the 
existing  theory  after  reaching  a  certain  critical  ReRa^.  For 
example,  according  to  reference  [2.5],  for  the  horizontal 
rectangular  channel  with  infinite  aspect  ratio,  the  secondary 
flow  has  no  effect  on  flow  and  heat  transfer  results.  How¬ 
ever,  as  confirmed  by  the  present  experimental  study  thermal 
instability  problem  appears  in  practice.  This  also  means 
that  the  known  Nusselt  number  of  8.235  for  fully  developed 
laminar  flow  between  two  parallel  plates  with  uniform  wall 
heat  flux  cannot  be  applied  when  the  ReRaT  reaches  a  certain 


critical  value. 


]  54 


5 . 4  Concluding  Remarks 

(a)  Experimental  data  on  the  onset  of  longitudinal 
vortices  for  fully  developed  laminar  forced  convection  bet¬ 
ween  two  horizontal  plates  are  compared  with  theory  and  the 
agreement  is  found  to  be  good.  The  accuracy  of  the  testing 
apparatus  is  ascertained  by  considering  the  1 i mi  ting  case 
of  vanishing  axial  temperature  gradient  and  heating  from 
below  which  has  a  known  critical  Rayleigh  number  of  1708. 

The  adequacy  of  the  flow  visualization  technique  used  is 
confirmed  by  the  transverse  temperature  measurement  at  a 
distance  of  h/4  from  the  bottom  surface  for  limiting  case  of 

I  y  I  '+  00 « 

(b)  For  the  negative  Rayleigh  number  case,  the  free 
convection  effect  due  to  side  walls  is  appreciable.  The 
exact  reasons  for  the  deviation  of  experimental  data  from 
theory  at  higher  Rayleigh  numbers  are  difficult  to  assess. 
However,  free  convection  effect  due  to  side  walls  and  variable 
property  effect  are  believed  to  be  the  contributing  factors. 

(c)  The  flow  visualization  technique  developed  is 
satisfactory  for  the  present  investigation  and  reasonably 
good  flow  patterns  are  obtained  for  the  secondary  flow. 

Based  on  photographic  results,  we  can  see  the  extent  of  free 
convection  effect  due  to  side  walls.  The  flow  visualization 
technique  is  expected  to  be  effective  particularly  for  the 
experimental  study  dealing  with  post-critical  regime.  For 
example,  the  measurement  of  the  pitch  of  vortex  rolls  can  be 
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made  readily. 

(d)  The  practical  implication  of  the  present  photo¬ 
graphic  results  is  believed  to  be  significant  since  it  reveals 
that  for  a  horizontal  rectangular  channel  with  large  aspect 
ratio,  say  near  the  order  of  10,  the  effect  of  longitudinal 
vortices  due  to  thermal  instability  must  be  considered  in 
addition  to  free  convection  effect  near  the  side  walls  for 
the  evaluation  of  flow  and  heat  transfer  results  after  reach¬ 
ing  a  certain  critical  value  of  the  characteristic  parameter. 
Under  this  condition,  we  have  boundary- va 1 ue  problem  near 
the  side  walls  and  thermal  instability  problem  in  the  central 
region  of  the  channel.  At  present  theoretical  study  in  this 
area  does  not  seem  to  be  available  in  the  literature. 


- 
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CHAPTER  VI 


FINITE  AMPLITUDE  CONVECTION  IN  PLANE 

POISEUILLE  FLOW 


6 . 1  I  ntroducti on 

It  is  shown  theoretically  in  Chapter  IV  and  confirmed 
experimentally  in  Chapter  V  that  for  fully  developed  laminar 
forced  convection  between  two  finite  horizontal  flat  plates, 
longitudinal  vortices  (vortices  with  axis  in  the  main  flow 
direction)  occur  if  the  destabilization  due  to  buoyancy  is 
large  enough  to  overcome  the  stabilizing  effects  of  viscous 
and  thermal  diffusion. 

Several  deficiencies  or  restrictions  may  be  observed 
in  the  application  of  the  results  of  the  linearized  theory 
for  the  thermal  instability  problem  discussed  in  Chapter  IV. 
Specifically  they  are: 

(a)  Physical  properties  are  assumed  to  be  constant 
and  independent  of  temperature.  The  variation  of  density 
with  temperature  is  ignored  except  in  association  with 
gravity  (Boussinesq  approximation).  The  variable  property 
effect  may  be  significant  for  some  fluids.  This  may  limit 
the  range  of  applicability  of  the  numerical  results. 

(b)  The  basic  velocity  and  temperature  fields  are 
assumed  to  be  fully  developed.  As  pointed  out  in  Chapter  IV, 
the  instability  of  flow  in  the  entrance  region  may  be  signifi¬ 
cant  under  certain  circumstances. 


. 
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(c)  The  disturbances  may  not  be  considered  to  be 
infinitesimally  small.  This  can  be  discussed  from  two 
points  of  view.  Firstly,  some  type  of  finite  amplitude  dis¬ 
turbance  may  occur  before  the  appearance  of  the  infinitesimal 
disturbance.  In  other  words,  the  flow  may  be  disturbed  by 

a  finite  amplitude  disturbance  with  characteristic  parameter 
below  a  certain  critical  value.  Secondly,  in  the  post-critical 
regime,  the  amplitude  of  the  small  disturbance  may  grow  and 
the  inertia  and  advective  terms  in  the  governing  equations 
may  no  longer  be  considered  to  be  relatively  small. 

(d)  The  wavelength  and  preferred  mode  shape  of  the 
longitudinal  vortices  may  change  in  the  post-critical  regime, 
but  they  cannot  be  predicted  by  using  the  linearized  theory. 
Similarly,  with  the  linearized  theory  the  amplitude  of  the 
disturbance  is  unknown  and  the  disturbance  may  grow  exponen- 
ti al ly  wi thout  limit. 

(e)  The  flow  and  heat  transfer  character!' s  ti  cs  can¬ 
not  be  determined. 

In  order  to  overcome  the  above  difficulties  (c),  (d) 
and  (e)  due  to  linearized  stability  theory, many  researchers 
have  considered  finite  amplitude  problems  for  nonlinear  pro¬ 
cesses  involving,  for  example,  Taylor  vortices  between 
rotating  cylinders  and  the  Benard  cells  of  thermal  convection. 
In  1923,  Taylor  [4.3]  observed  the  vortex  instability  in 
flow  between  rotating  cylinders.  He  observed  that  a  moderate 
increase  in  the  speed  of  the  cylinders  merely  increases  the 
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intensity  of  the  circulation  in  the  vortices  without  altering 
appreciably  their  spacing  or  position.  In  1958,  Malkus  and 
Veronis  [6.1]  made  the  first  attempt  to  predict  the  heat 
transfer  rates  for  finite  amplitude  cellular  convection.  The 
quas i -1 i near  equations  describing  the  fields  of  motion  and 
temperature  are  expanded  in  a  sequence  of  inhomogeneous 
linear  equations  dependent  upon  the  solutions  of  the  linear 
stability  problem.  An  infinite  number  of  steady  state  finite 
amplitude  solutions  which  formally  satisfy  the  basic  equations 
are  found  to  exist.  A  criterion  for  "relative  stability"  is 
deduced  which  selects  as  the  realized  solution  that  one  which 
has  the  maximum  mean-square  temperature  gradient.  In  1958, 
Stuart  [6.2]  described  finite  disturbances  under  subcritical 
and  supercri ti cal  conditions  by  using  an  energy  method  and 
the  shape  of  the  amplitude  functions  obtained  from  the  linea¬ 
rized  theory.  In  1965,  Roberts  [6.3]  considered  the  non¬ 
linear  Benard  convection  by  using  an  approximate  procedure. 

By  employing  the  concept  of  local  potential,  Roberts  shows 
the  behavior  of  the  preferred  wave  number  as  a  function  of 
the  Rayleigh  number.  The  wave  number  a  varies  from  0  to  1% 
for  Rayleigh  numbers  ranging  from  1708  to  4000.  However,  the 
small  variation  of  the  wave  number  may  not  have  significant 
effect  on  the  heat  transfer  result.  In  the  same  year,  Fromm 
[6.4]  obtained  numerical  solutions  of  the  quasi-linear  equa¬ 
tion  for  a  horizontal  fluid  layer  heated  from  below  for  both 
free-free  and  rigid-rigid  boundary  conditions.  The  solutions 


\\  0fi3  ^0  2noUuf02 


160 


are  obtained  for  values  of  the  Rayleigh  number  ranging  from 
the  critical  value  to  107.  In  1966,  Mori  and  Uchida  [4.6] 
applied  Stuart's  approximate  energy  method  for  nonlinear 
mechanics  of  hydrodynamic  stability  [6.2]  to  fully  developed 
laminar  forced  convection  between  two  infinite  horizontal 
flat  plates  where  the  lower  plate  is  heated  isothermally  and 
the  upper  plate  is  cooled  isothermally.  Mori  and  Uchida 
studied  the  problem  in  post-critical  regime  with  Rayleigh 
numbers  ranging  from  the  critical  value  up  to  nine  times  the 
critical  value  and  compared  with  experimental  work.  It  is 
noted  that  Stuart's  method  represents  an  approximation  to 
a  perturbation  theory  about  the  critical  characteristic  number 
and  so  the  energy-balance  method  cannot  be  expected  to  be 
valid  for  a  large  range  of  Rayleigh  number  above  the  critical 
value.  For  the  analogous  problem  of  rotati ng-cy 1 i nder  flow, 
it  is  estimated  that  for  a  Taylor  number  up  to  ten  times  the 
critical  value  the  largest  error  is  about  7%  for  the  torque. 

It  is  significant  to  note  that  the  problem  treated  by  Mori 
and  Uchida  [4.6]  is  identical  to  steady  laminar  Benard  con¬ 
vection  with  two-dimensional  rolls.  It  is  also  of  interest 
to  note  that  Stuart's  integral  theory  was  applied  by  Mori 
and  Uchida  [6.5]  in  1967  to  forced  convection  heat  transfer 
in  a  curved  rectangular  channel  with  large  aspect  ratio 
(height/width)  where  the  vortex  rolls  are  caused  by  an  in¬ 
stability  phenomenon  due  to  centrifugal  forces.  In  the  same 
year,  Samuels  and  Churchill  [6.6]  applied  finite-difference 
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methods  to  compute  hydrodynamic  instability  due  to  natural 
convection  in  an  enclosed  horizontal  rectangular  region 
heated  from  below.  Critical  Rayleigh  numbers  were  determined 
for  a  series  of  Prandtl  numbers  and  1 ength -to-hei gh t  ratios. 
For  Rayleigh  number  greater  than  the  critical  value,  the 
Nusselt  number,  temperature  and  velocity  fields  were  deter¬ 
mined.  In  1968,  Plows  [6.7]  presented  numerical  results  for 
two-dimensional  steady  laminar  Benard  convection.  An  itera¬ 
tive  numerical  technique  was  used  to  calculate  the  Nusselt 
number  and  the  structure  of  the  roll  for  Rayleigh  numbers 
ranging  from  2000  to  22000  for  the  various  Prandtl  numbers 
of  0.5,  1,  2,  6,  8  and  200.  In  these  calculations,  the  roll 
width  was  taken  to  be  tt/ a  where  a  =  3.117  corresponds  to  the 
primary  mode  predicted  by  linear  perturbation  analysis.  It 
is  noted  that  the  literature  on  the  classical  problem  of  the 
Benard  convection  is  too  extensive  to  be  reviewed  here;  only 
a  brief  review  of  some  references  which  are  related  to  the 
present  study  is  attempted. 

The  purpose  of  this  chapter  is  to  study  the  effects 
of  longitudinal  vortex  rolls  in  the  post-critical  regime  on 
flow  and  heat  transfer  characteristics  for  fully  developed 
laminar  forced  convection  between  two  infinite  horizontal 
parallel  plates  subjected  to  the  same  thermal  boundary  condi¬ 
tions  as  those  described  in  Chapter  IV  for  linear  stability 
analysis.  The  physical  problem  of  interest  here  is  the 
finite  amplitude  thermal  convection  in  plane  Poiseuille  flow 
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considering  the  nonlinear  effect  on  the  flow  structure  and 
temperature  field.  Because  of  uncertainty  and  the  absence 
of  accurate  theory,  the  wave  number  a  for  the  post -cri ti ca 1 
regime  in  this  study  will  be  taken  to  be  the  one  which  is 
predicted  by  the  linear  stability  analysis  discussed  in 
Chapter  IV  for  the  primary  mode.  It  is  believed  that  the 
above  assumption  on  the  wave  number  a  provides  a  good  appro¬ 
ximation  at  least  for  the  parameter  near  the  critical  value. 

In  view  of  the  fact  that  Stuart's  method  is  a  perturbation 
approach  and  leads  to  appreciable  error  for  thermal  convec¬ 
tion  at  high  Rayleigh  numbers,  a  numerical  solution  is  employed 
for  the  present  problem.  Specifically,  the  boundary  vorti- 
city  method  is  used  in  the  numerical  computation  for  the  case 
of  y  =  0  and  Pr  =  0.7  and  an  improved  iterative  scheme  dis¬ 
cussed  in  Section  2.3(c)  of  Chapter  II  is  also  applied  in  the 
calculations  for  the  cases  of  y  =  finite,  Pr  =  0.7  and  |y|  -*  °° 
with  various  Prandtl  numbers. 
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6 . 2  Theoretical  Analysis 

Consider  a  steady  fully  developed  laminar  forced 
convection  in  the  post-critical  regime  between  two  infinite 
horizontal  plates  where  the  walls  are  subjected  to  the  same 
uniform  axial  temperature  gradient  but  possibly  differing 
in  temperature  at  any  axial  position.  The  onset  of  longi¬ 
tudinal  columnar  vortices  due  to  buoyant  forces  was  the  sub¬ 
ject  of  investigation  in  Chapter  IV.  The  subject  of  interest 
here  is  the  study  of  flow  and  heat  transfer  c haracteri s t i cs 
after  the  longitudinal  vortex  rolls  set  in. 

In  the  formulation  of  the  present  problem,  the  follow¬ 
ing  basic  assumptions  are  made: 

(a)  Velocity  and  temperature  fields  are  fully  developed, 
that  is,  all  the  first  derivatives  in  the  axial  direction 
are  either  constant  or  zero. 

(b)  Physical  properties  are  constant  and  the  Boussinesq 
approximation  is  valid. 

(c)  Only  the  steady  state  solution  is  considered. 

(d)  The  wave  number  a  for  the  post-critical  regime  is  taken 
to  be  the  one  which  is  predicted  by  the  linear  stability 
analysis  presented  in  Chapter  IV. 

The  coordinate  system  employed  here  is  similar  to  that 
shown  in  Fig.  4.1  except  that  the  coordinate  origin  y'  =  0 
is  now  shifted  horizontally  by  one-half  wavelength  to  take 
advantage  of  the  symmetry  (see  also  Fig.  6.1). 

In  order  to  investigate  the  flow  structure  and  tempera- 
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ture  field  for  the  post-critical  regime,  perturbation  quan¬ 
tities  are  superimposed  on  the  basic  flow  quantities  as, 

U  =  Ub  +  u '  ,  V  =  v '  ,  W  =  w\  T  =  Tb  +  0'  and  P  =  Pb  +  p'  (6.1) 

where  the  basic  flow  quantities  Ub»  Tb  and  Pb  satisfy  the 
well-known  equations  for  plane  Poiseuille  flow.  The  solutions 
for  the  unperturbed  state  are: 

Ub  -  4 U 0 ( z  -  z2)  =  U0*u/2 

Tb  3  Ti  -  (UgTh/i<)(z  -  2z^  +  z^)/3  -  zAT 

=  T i  -  Pr  Rexh  <j>0  -  zAT  (6.2) 

<f>u  =  8(z  -  z2) 

<t>0  ■  (2/3)  (z  -  2z3  +  z4) 

where  z  ■  z '  / h ,  U0  is  the  maximum  velocity  in  the  unperturbed 
state,  t  =  9T/9x'  is  a  constant  axial  temperature  gradient 
and  Re  =  U Q h / ( 2v) . 

Applying  the  assumptions  (a)  to  (d)  and  equation 
(6.1)  to  the  Na vi er-Stokes  equations  and  the  energy  equation, 
and  subtracting  the  equations  for  plane  Poiseuille  flow  from 
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the  respective  Na vi er-Stokes  equations  and  the  energy  equa¬ 
tion  then  we  obtain  the  equations  for  the  perturbation  quan¬ 
tities  after  eliminating  pressure  terms  between  y'-  and  z 1  - 
direction  momentum  equations.  The  perturbation  equations  are 
Axial  momentum  equation 


(6.3) 


Vorticity  transport  equation  for  secondary  flow 


(6.4) 


where  the  vorticity  function  is  defined  by 


S'  =  V?i|i 


(6.5) 


and  the  stream  function  ip '  is  defined  by 


(6.6) 


Energy  equation 


az 


ae 


(6.7) 


2 

where  V-j 
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=  92/9y  1 2  +  92/9z  ’  2 

Note  that  the  vorticity  function  is  introduced  here  to  apply 
the  boundary  vorticity  method.  The  boundary  conditions  are: 

At  the  top  and  bottom  plates  u1  =  ip 1  =  9^'/3z'  =  0'  =  0  (6.8) 

Along  the  vertical  lines  y'  =  0,  0  <  z'  <  h  and  y'  =  uh / a  =  one- 
Half  wave  length,  0  <  z'  <  h  9u'/3y'  =  ip '  =  £ 1  =  3  0 '  /  3  y '  =  0 
For  the  purpose  of  simplification  and  convenience, 
the  above  equations  (6.3)  to  (6.7)  and  the  boundary  conditions 
(6.8)  are  reduced  to  non-dimensional  forms  by  using  the  follow¬ 
ing  transformations, 

( y ' , z ' )  =  (y,z)h,  (u',v',w')  =  (Re  u,v,w)v/h,  0'  =  AT0, 

£ 1  3  £v/h2,  \p'  =  vip ,  and  the  parameters  Re  =  UQfy(2v),  (6.9) 

Gr  3  g$ATh^/v2,  Ra  =  PrGr  y  3  Rexh/AT. 


The  results  are: 
Axial  momentum  equation 


3_u_ 

ay 


+  w 


3_U_ 

9  z 


9  (j> 


+  w 


9  z 


-  *  V2u 


(6.10) 


Vorticity  transport  equation  for  secondary  flow 
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£1 

3y 


+  w 


=  V2? 
3z  ^ 


Ra_  39 
Pr  3y 


where  the  dimensionless  vorticity  function  is 

5  =  V2ip 


and  the  dimensionless  stream  function  jp  is  defined  by 


v 


ii 

ay 


Energy  equation 

yu  +  V  ||-  +  w  -  w( Pr  U  ^  +  l)  »  v2e 

2  2  2  2  2 
where  Vc  =  dc/dy  +  3  /3zc 

The  boundary  conditions  are: 

At  the  top  and  bottom  plates  u  =  ijj  s  dip/dz  *  0  *  0 

Along  the  vertical  lines  y  a  0,  0  <  z  <  1 

and  y  =  tt / a ,  0  <  z  <  1  3u/3y  =  ip  *  £  =  30/3y  =  0 


(6.11) 


(6.12) 


(6.13) 


(6.14) 


(6.15) 


At  this  point,  It  is  noted  that  the  no-slip  boundary  conditions 
9i/i/3z  =  0  at  the  top  and  bottom  plates  cannot  be  applied 
directly  but  the  boundary  vorticity  method  discussed  in 
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Chapter  II  is  found  to  be  quite  effective.  The  boundary  vor- 
ticity  method  is  subsequently  improved  and  a  detailed  compari¬ 
son  of  the  boundary  vorticity  method  with  the  improved  itera¬ 
tive  scheme  is  made  in  a  later  section. 

For  the  case  when  |y|  it  is  not  proper  to  employ 

AT  as  a  characteristic  temperature  difference.  The  modified 
non-dimensional  quantities  and  the  governing  equations  for 
this  case  are  given  as: 

8 1  s  Pr  Rexh  0  ,  Gr  ■  gSih^/v^,  Ra  s  Pr  Grr  (6.16) 

T  T  ^  '  ■* 


V 


Sul 

ay 


+  w 


iu 

az 


+  w 


(6.17) 


v  U.  +  w  ii 

v  3y  w  3z 


2 

V  «  -  ReRaT  , 


(6.18) 


«  * 


2 

V  >  . 


(6.19) 


V  =  d\p/dz  ,  W  =  -  dlp/dy 


(6.20) 


a  nd 


u  +  Pr(v 


ae 


3  0  3  4)  n 

1  +  w  TT“)  -  Pr  w  -rrr- 

a  Z 


ay  az 


2 

e 


(6.21 ) 
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For  the  case  when  y  =  0 ,  two  parameters  Pr  and  Ra 
appear  in  equations  (6.10)  to  (6.14).  This  case  corresponds 
to  the  forced  convection  problem  between  two  horizontal 
flat  plates  studied  by  Mori  and  Uchida  [4.6]  and  equations 
(6.11)  to  (6.14)  are  seen  to  be  identical  to  the  governing 
equations  for  the  two-dimensional  Benard  convection  problem 
solved,  for  example,  by  Plows  [6.6].  For  the  case  when  y 
is  finite,  three  parameters  Pr,  y  and  Ra  appear  in  equations 
(6.10)  to  (6.14).  On  the  other  hand,  when  |y|  +  °°,  two  para¬ 
meters  Pr  and  ReRaT  appear  in  equation  (6.17)  to  (6.21). 

In  equations  (6.10)  and  (6.17),  we  see  that  the  axial 
direction  disturbance  is  caused  mainly  by  the  product  of  the 
vertical  direction  distrubance,  w,  and  the  main  flow  velo¬ 
city  gradient,  3<f>  /3z.  This  product  is  balanced  by  the 
remaining  inertia  terms,  v  3u/3y  and  w  3u/az,  and  also  by  the 

p 

viscous  term  V  u.  In  equations  (6.11)  and  (6.18),  the  secon¬ 
dary  motion  is  seen  to  be  driven  by  the  unbalanced  buoyant 
force  terms  (Ra/Pr)  30/3y  and  ReRaT  80T/3y,  respectively. 

In  the  energy  equation  (6.14),  the  thermal  disturbance  is 
seen  to  come  from  three  sources  for  the  case  when  y  is  finite; 

(a)  the  term  due  to  the  convective  motion  of  the  main  flow 
disturbance,  yu , 

(b)  the  term  due  to  the  vertical  direction  convection  through 
linear  basic  temperature  distribution,  w, 

(c)  the  term  due  to  the  vertical  direction  convection  through 
the  nonlinear  basic  temperature  distribution,  w  Pr  y  • 


a  4>0/ a  z . 


; 
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For  the  case  when  y  =  0,  the  sources  (a)  and  (c)  vanish  and 
the  thermal  disturbance  comes  solely  from  source  (b).  In 
equation  (6.21)  for  the  case  when  |y|  ->  we  see  that  the 
thermal  disturbance  comes  from  the  convective  motion  of  the 
main  flow  disturbance,  u,  and  the  vertical  direction  convec¬ 
tion  through  the  nonlinear  basic  temperature  distribution, 


When  |y|  +  *  and  Pr  and  ReRaT  is  still  very  close 
to  the  critical  value  (see  Chapter  IV,  Appendix  4.2  for  the 
case  when  |y|  -*  °°),the  inertia  terms,  v  8£/9y  and  w  3£/3z 
in  equation  (6.18)  and  the  term  representing  the  convective 
motion  due  to  the  main  flow  disturbance  u,  in  equation  (6.21) 
may  be  neglected  as  compared  with  the  remaining  terms  in  the 
respective  equations.  By  transforming  (v,w)  into  (v,w)ReRa^, 
only  one  parameter  PrReRaT  is  left  in  the  governing  equations. 
This  observation  for  large  Prandtl  number  effect  is  also  con¬ 
firmed  by  numerical  results  to  be  presented  later. 


zi  >  >f  di  2f  on 


172 


6 . 3  Finite-Difference  Approximations 

In  view  of  the  complexity  of  equations  (6.10)  to 
(6.14)  or  equations  (6.17)  to  (6.21)  and  the  fact  that  appre¬ 
ciable  error  is  observed  by  applying  Stuart's  approximate 
method  to  the  analogous  problem  of  rota ti ng-cy 1 i nder  flow 
for  a  high  Taylor  number,  the  finite-difference  technique 
and  boundary  vorticity  method  described  in  Chapter  II  will 
be  applied  to  the  present  rather  complicated  problem. 


Referring  to  Fig.  6.1,  the  main  flow  direction  momentum 


equation  (6.10)  and  the  energy  equation  (6.14)  can  be  approxi¬ 
mated  by  the  following  finite-difference  form. 


f 


2Az 


(AZ) 


when  f .  .  =  u  .  .  and 


j ,k  j  ,  k 


32-  +  1 .k  -  Pr  H  uj,k  When 


3*9 
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The  superscript  o  stands  for  the  value  obtained  at  the  pre¬ 
vious  step  and  j  ,  k  =  2 , 3  ,  .  .  .  ,M .  The  vorticity  transport  equa¬ 
tion  (6.11)  and  equation  (6.12)  for  the  stream  function  can 
also  be  approximated  in  the  form  of  equation  (6.22)  with 
the  following  replacement. 


Q  =  l, 

Gj,k  =  ' 

Ra  /  3  0  \  .  r 

Pr  sy  j  ,k  when  fj,k 

,k 

and  o=0, 

Gj,k  =  ' 

5j,k  whe"  fj,k  =  *j,k 

where  j=l ,2 

,  .  .  »  ,M  +  1  , 

k  =  2 ,3 . H . 

F  or 

the  case 

when  | y  |  +  « ,  equations 

(6.17)  to  (6.19) 

and  equation  (6.21)  can  similarly  be  approximated  in  the  form 
of  equation  (6.22)  with  the  following  substitution  for  G.  .  . 


Gj,k =  -  ReRax  (ir’j.k when  fj,k =  «j,k for  e<uation  (6-18> 


B<t> 

t _ sL\ 

hz  ■  j  ,  k 


when  fjjk 


0  .  for  equation  (6.21) 

J  »  K 


6.3.1  Properties  of  Matrices  and  the  Relaxation  Factor 
Rearranging  equation  (6.22),  we  have 
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j  ,  k '  j  - 1  ,  k 


(6.23) 


+  (1  '  0  ¥  vj.k)fj+l,k]  •  (Az)2  Gj,k 


With  the  existence  of  the  nonlinear  terms,  the  pro¬ 
perties  of  the  coefficient  matrix  for  equation  (6.23)  are: 

(a)  real  , 

(b)  non»symmetri c , 

(c)  diagonally  dominant,  If  and  only  if 


(6,24) 


for  all  j's  and  k's, 


Since  the  matrices  are  not  symmetric  and  their  eigenvalues 
vary  from  step  to  step  during  iteration,  the  determination 
of  the  optimal  relaxation  factor  is  very  difficult.  For 
most  of  the  computations  in  the  present  problem,  a  relaxation 
factor  of  unity  is  used.  An  under-relaxation  factor  of  0.5 
is  often  used  to  stabilize  the  numberical  computation. 
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6.3.2  The  Application  of  the  Boundary  V orticity  Method  and 
Its  Improved  Iterative  Scheme 

The  application  of  the  boundary  vorticity  method  and 
its  improved  iterative  scheme  for  solving  equations  (6.11)  and 
(6.12)  without  inertia  terms  and  the  associated  boundary  condi 
tions  (6.15)  were  discussed  clearly  in  Chapter  II.  The  appear 
ance  of  the  nonlinear  terms  v  9£/9 y  and  w  9£/9z  in  equation 
(6.12)  does  not  make  any  essential  difference  in  the  applica¬ 
tion  of  the  boundary  vorticity  method  and  its  improved  itera¬ 
tive  scheme.  Thus  the  detailed  algorithm  is  not  repeated 
here.  A  comparison  of  the  method  of  unsteady  state  solution 
employed  in  [6.7],  the  present  boundary  vorticity  method,  and 
its  improved  iterative  scheme  is  made  in  subsection  6.3.4. 

6.3.3  Errors  and  Mesh  Sizes 

In  the  process  of  computation,  errors  may  arise  from 
the  following  sources: 

(a)  finite-difference  approximation, 

(b)  errors  due  to  the  convergence  of  elliptic  equations  and 
non  1 i near  terms  , 

(c)  round-off  errors. 

These  factors  were  discussed  clearly  in  subsection  3.3.3  and 
are  not  repeated  here.  The  prescribed  error  is  kept  to  be 
the  order  of  10"^ . 

Fig.  6.2  shows  the  convergence  of  the  flow  and  heat 
transfer  results  for  the  case  of  y  =  0  and  Ra  =  8010.52  with 
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NUMBER  OF  DIVISIONS, M 
MESH  SIZE  Uy,Az)=(V3.ii6M,i/M) 


Fig.  6.2  Effect  of  grid  size  on  the  convergence  of 
the  flow  and  heat  transfer  results  for  the 
case  of  Pr  =  0.7,  y  =  0  and  Ra  =  8010.52 
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respect  to  the  number  of  divisions  M  for  both  y-  and  z-direc- 
tions.  The  definitions  of  the  flow  parameter,  f Re ,  and  the 
heat  transfer  parameter,  Nu ,  are  given  later.  Here  the 
subscript  1  denotes  the  value  evaluated  at  the  lower  plate 
and  the  subscript  3  denotes  the  value  obtained  from  an  overall 
force  balance.  It  is  seen  that  with  the  number  of  divisions 
at  M  =  24,  the  value  of  ( Nu )  -|  already  remains  unchanged  and 
the  difference  between  ( f  Re  )-^  and  (fRe)^  is  less  than  one  per 
cent  for  further  increase  of  M.  This  indicates  that  the 
numerical  solution  gives  quite  reliable  results  if  the  number 
of  divisions  M  greater  than  say  24.  In  the  present  work, 
values  of  M  =  24,  28  and  40,  are  used  for  various  orders  of 
magnitude  of  Rayleigh  number  for  the  case  y  =  0.  For  the 
cases  y  f  0  and  |y|  -*■  °°,  M  =  28  is  used.  The  number  of  divi¬ 
sions,  M  =  40,  is  employed  to  extend  the  range  of  Ra  for  the 

computation  involving  the  case  y  =  0.  However,  the  Rayleigh 

5  5 

number  is  extended  only  slightly  from  10  to  3  x  10  but  the 
computing  time  increases  substantially  from  around  10  minutes 
for  M  =  28  to  about  45  minutes  for  M  =  40  on  an  IBM  360/67. 
Because  of  the  excessive  computing  time  requirement,  the 
number  of  divisions,  M  =  40,  is  not  employed  for  other  cases 
such  as  y  =  finite  and  |y|  +°°. 
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6.3.4  A  Comparison  of  the  Method  of  Unsteady  State  Solution, 

Boundary  Vorticity  Method,  and  Its  Improved  Iterative 

Scheme 

Samuels  and  Churchill  [6.6]  employed  a  finite-differ¬ 
ence  technique  to  solve  the  thermal  instability  problem  in 
an  enclosed  horizontal  rectangular  region.  By  using  explicit 
forward  integration  and  the  value  of  the  boundary  vorticity 
evaluated  at  the  previous  time  step,  a  time  dependent  solution 
is  obtained  and  consequently  a  steady  state  solution  is  reached 
after  a  sufficiently  large  number  of  time  steps.  The  method 
of  unsteady  state  solution  is  also  applied  to  the  present 
problem  in  an  attempt  to  compare  the  boundary  vorticity  method 
and  its  improved  iterative  scheme  with  the  method  used  in 
reference  [6.6],  However,  the  computations  are  made  only  at 
Ra/Ra*  «  4.69  for  the  case  y  =  0  using  the  number  of  divisions 
M  -  10  and  20.  Table  6.1  shows  the  results  from  these  three 
methods.  It  can  be  stated  that  the  method  of  unsteady  state 
solution  requires  longer  computing  time,  a  larger  number  of 
outer  iterations  and  one  additional  storage  step  than  the 
present  steady  state  solutions.  In  the  computation  for  the 
unsteady  solution  using  the  explicit  forward  integration  tech¬ 
nique,  the  time  increment  is  restricted  by  the  size  of  the 
mesh  because  of  numerical  stability  and  furthermore  it  requires 
a  complete  solution  for  the  stream  function  at  each  time  step. 
Thus,  it  is  believed  that  for  a  problem  where  the  transient 
(or  unsteady)  solution  is  not  of  interest,  the  steady  state 
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Table  6 . 1  A  comparison  of  the  method  of  unsteady  state  solution, 
boundary  vorticity  method,  and  its  improved  iterative 
scheme  for  the  case  of  u  =  0  and  Ra/Ra*  =  4,69 
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solution  is  much  more  economical  from  the  viewpoint  of  com¬ 
puting  time  and  storage  space.  The  results  for  the  improved 
iterative  scheme  listed  in  Table  6.1  show  some  improvement 
in  terms  of  computing  time  (with  savings  up  to  1/4  of  the 
computing  time)  over  the  boundary  vorticity  method  since  the 
repeated  iteration  is  not  required  for  finding  the  value  of 
boundary  vorticity.  The  improved  iterative  scheme  was  con¬ 
ceived  only  after  all  the  computations  for  the  case  of  y  =  0 
had  been  completed.  Thus,  the  improved  iterative  scheme  is 
employed  only  in  the  computations  for  the  cases  of  y  =  finite 
and  |y|  •+■  °° .  Finally,  we  should  note  that  the  above  compari¬ 
son  does  not  imply  that  the  improved  scheme  is  always  better 
than  the  boundary  vorticity  method  since  the  comparison  is 
based  only  on  the  present  problem  formulated  in  Cartesian 
coordinates  and  the  iteration  is  carried  out  with  a  relaxation 
factor  of  unity.  The  question  of  whether  or  not  the  improved 
iterative  scheme  is  advantageous  in  problems  formulated  in 
polar  coordinates  cannot  be  answered  without  further  numeri¬ 
cal  experiments  using  various  relaxation  factors.  Consequently, 
the  improved  iterative  scheme  must  be  interpreted  only  within 
the  scope  of  the  present  study. 


181 


6 . 4  Results  and  Discussion 

For  the  problem  under  consideration,  three  cases 
result  depending  on  the  magnitude  of  the  characteristic 
parameter  y,  namely,  y  =  0,  y  =  finite  (negative  or  positive) 
and  | y  |  +  oo.  The  limiting  case  of  y  =  0  is  analogous  mathe¬ 
matically  to  the  classical  steady  laminar  Benard  convection 
with  two-dimensional  rolls  whose  heat  transfer  characteris¬ 
tics  in  the  post-critical  regime  has  been  studied  very  ex¬ 
tensively  in  recent  years.  The  analytical  and  experimental 
works  for  this  problem  have  been  carried  out  notably  to 
explain  the  nature  of  turbulence  using  the  mechanism  of  con¬ 
vective  cells  due  to  buoyancy. 

In  order  to  carry  out  the  detailed  quantitative  mea¬ 
surements,  Mori  and  Uchida  [4.6]  superimposed  the  fully 
developed  main  flow  to  the  steady  laminar  Benard  convection 
between  the  two  infinite  horizontal  rigid  boundaries.  They 
presented  the  detailed  comparisons  between  the  experimental 
data  and  the  results  from  the  approximate  analytical  method 
which  is  a  modification  of  the  Stuart's  method  [6.2]  for  the 
flow  between  rotating  concentric  cylinders  with  Taylor  vor¬ 
tex  rolls.  Since  the  problem  treated  by  Mori  and  Uchida 
represents  the  limiting  case  of  y  =  0  for  the  present  problem, 
it  is  possible  to  compare  the  results  from  the  present  numeri¬ 
cal  solution  with  the  analytical  and  experimental  results 
of  Mori  and  Uchida.  The  other  limiting  case  of  |y|  -*■  °°  is 
also  of  considerable  practical  importance  since  it  corresponds 
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to  the  fully  developed  laminar  flow  without  buoyancy  effect 
between  two  parallel  plates  subjected  to  the  uniform  wall 
heat  flux  with  the  well-known  Nusselt  number  of  8.235. 

Before  proceeding  to  the  presentation  of  flow  and 
heat  transfer  results,  we  should  note  that  all  the  results 
reported  here  are  based  on  the  assumption  that  the  wave  number 
is  taken  to  be  the  one  which  is  predicted  by  the  linear  sta¬ 
bility  analysis  reported  in  Chapter  IV.  Only  a  Prandtl  num¬ 
ber  of  0.7  (air)  is  considered  for  the  cases  of  y  =  0  and 
y  =  finite.  The  Prandtl  number  effect  is  studied  only  for 
the  case  of  | y |  +  ». 

As  noted  earlier,  the  case  of  y  =  0  affords  detailed 
comparison  of  the  present  numerical  results  with  those  of 
Mori  and  Uchida  [4.6].  For  this  purpose,  the  axial  velocity 
and  temperature  d i s tri bu tions  a  1 ong  three  vertical  lines  from 
the  numerical  solution  are  compared  with  those  of  Mori  and 
Uchida  based  on  approximate  analytical  solution  and  experi¬ 
mental  measurements  in  Figs.  6.3  and  6.4,  respectively,  for 
the  case  of  Pr  =  0.7,  y  =  0  and  Ra  =  8010.52  =  4.69  (Ra*). 

For  the  velocity  profiles  shown  in  Fig.  6.3,  it  is 
seen  that  the  experimental  data  generally  lie  between  the 
present  numerical  predictions  and  Mori  and  Uchida's  analytical 
results.  In  particular,  we  note  that  the  analytical  method 
apparently  predicts  the  wrong  trend  for  the  velocity  profile 
along  the  vertical  line  2  near  the  central  region  (z  =  0.5) 
exhibiting  a  saddle  shape  velocity  profile.  This  phenomenon 
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Fig.  6.3  Comparison  of  velocity  profiles  from  this 
investigation  with  the  approximate  analy¬ 
tical  results  of  Mori  and  Uchida  and  their 
experimental  data  for  the  case  of  Pr  =  0.7, 
y  =  0  and  Ra  =  8010.52 
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Fig.  6.4  Comparison  of  temperature  profiles  from  this 
investigation  with  the  approximate  analytical 
results  of  Mori  and  Uchida  and  their  experi¬ 
mental  data  for  the  case  of  Pr  =  0.7,  y  =  0 
and  Ra  =  8010.52. 
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contradicts  with  both  experimental  data  and  numerical  solution 
and  cannot  be  explained  physically.  It  is  further  noted  that 
the  numerical  result  agrees  better  with  experimental  data  for 
z  <  0.2  along  the  vertical  line  1  and  z  >  0.8  along  the  ver¬ 
tical  line  3  than  the  analytical  result.  We  clearly  see  the 
distortion  of  the  axial  velocity  profile  from  the  parabolic 
distribution  due  to  longitudinal  vortex  rolls. 

As  shown  in  Fig.  6.4,  the  temperature  profile  along 
the  vertical  line  3  from  the  numerical  solution  agrees  very 
well  with  the  experimental  data  as  compared  with  the  analyti¬ 
cal  result.  In  particular,  along  the  lines  1  and  3  the  analy¬ 
tical  result  predicts  positive  vertical  temperature  gradient 
in  the  central  region  in  contrast  to  the  negative  one  demon¬ 
strated  by  both  the  experimental  data  and  the  numerical  solu¬ 
tion.  For  the  temperature  profile  along  the  line  2,  both 
the  analytical  solution  and  the  numerical  solution  exhibit 
positive  vertical  temperature  gradient  near  the  central  region 
with  the  point  of  inflection  located  at  z  =  0.5.  In  contrast, 
the  experimental  data  do  not  appear  to  show  this  trend.  The 
result  of  the  present  numerical  solution  shows  that  along  the 
line  2  the  vertical  temperature  gradient  reverses  its  sign 
approximately  from  z  =  0.3  to  z  =  0.7  indicating  that  heat 
is  conducted  from  the  upper  part  to  the  lower  part  in  this 
region.  We  also  note  that  in  the  same  region  along  line  2 
the  secondary  flow  is  relatively  weak  and  at  z  =  0.5  secondary 
flow  vanishes  completely.  Furthermore,  this  region  of  reversed 
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vertical  temperature  gradient  disappears  at  least  along  the 
lines  1  and  3  as  shown  in  Fig.  6.4.  Noting  that  for  steady 
state  the  heat  flow  rate  from  the  lower  plate  to  the  upper 
plate  is  constant,  we  see  that  rather  strong  convection 
motion  due  to  secondary  flow  exists  in  the  region  near  y  =  0 
(line  1),  z  =  0.5  and  y  =  1.008  (line  3),  z  =  0.5  to  com¬ 
pensate  for  the  reversed  heat  flow.  We  can  also  gain  some 
insight  about  this  situation  by  examining  the  isotherms  which 
will  be  presented  next. 

It  is  instructive  to  examine  the  distributions  of 
constant  axial  velocity  lines,  isothermals,  constant  vorti- 
city  lines  and  secondary  flow  streamlines  for  the  case  of 
Pr  =  0.7  and  y  =  0  at  two  different  values  of  Rayleigh  number, 

4 

namely,  Ra  =  8010.52  and  4  x  10  .  Fig.  6.5  shows  the  con¬ 
stant  axial  velocity  lines.  We  note  that  without  secondary 
motion  the  constant  axial  velocity  lines  are  straight  and 
horizontal  but  with  the  secondary  motion  the  constant  velo¬ 
city  lines  are  distorted.  We  can  gain  better  understanding 
of  the  profiles  shown  in  Fig.  6.3  by  considering  the  dis¬ 
tributions  of  constant  axial  velocity  lines  along  the  lines 
y  =  0,  0.504  and  1.008,  respectively.  It  is  clearly  seen 
that  the  saddle-shape  velocity  profile  shown  in  Fig.  6.3  along 
the  line  2  based  on  approximate  analytical  prediction  [4.6] 
is  unreasonable.  Fig.  6.5  shows  that  the  higher  constant 
velocity  lines  are  displaced  from  the  lines  of  symmetry  y  =  0 
and  1.008  and  form  a  series  of  closed  curves  near  the  central 
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Fig.  6.5  Lines  of  constant  axial  velocity  for  the  case  of  Pr  =  0.7  and 
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region  at  y  =  0.504.  At  higher  value  of  Rayleigh  number 
4 

Ra  =  4  x  10  ,  the  value  of  the  maximum  axial  velocity  is 
seen  to  decrease  as  compared  with  that  at  Ra  =  8010.52. 

Fig.  6.5  also  shows  that  the  stronger  secondary  flow  effect 
manifests  itself  by  the  larger  distance  between  two  con¬ 
stant  axial  velocity  lines. 

Figs.  6.6(a)  and  (b)  show  the  distribution  of  iso¬ 
thermals  for  the  case  of  Pr  =  0.7,  y  =  0  at  Ra  =  8010.52  and 

4 

4  x  10  ,  respectively,  based  on  the  dimensionless  temperature 
difference  (T  -  T^)/(T^  -  T^) .  Without  the  secondary  motion, 
the  isothermals  are  horizontal  straight  lines  but  with  the 
secondary  flow  effect  the  isothermals  are  distorted.  As  the 
Rayleigh  number  increases,  so  is  the  distortion  of  the  iso¬ 
thermals.  It  is  noted  that  the  distance  between  two  iso¬ 
thermals  in  some  region  is  larger  than  that  in  the  other 
region  indicating  that  the  advective  term  in  the  energy  equa¬ 
tion  is  dominant  in  that  region.  On  the  other  hand,  in  the 
vicinity  of  the  stagnation  points  y  =  0,  z  =  1.0  and  y  =  1.008, 
z  =  0  the  conduction  term  is  dominant.  By  looking  at  Fig.  6.6, 
we  can  clearly  distinguish  the  hot  and  cold  regions  by  noting 
the  isothermal  line  for  (T  -  T  -j )  /  ( T  -j  -  l^)  =  -  0.5.  We  can 
also  clearly  see  that  plumes  of  warm  (cool)  current  impinge 
strongly  upon  the  cool  (warm)  plate  indicating  the  strong 
effect  due  to  nonlinear  advection  caused  by  the  buoyancy 
forces.  We  can  gain  further  insight  into  the  mechanism  of 
conduction  heat  transfer  by  considering  the  heat  flow  lines 
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Fig.  6.6  Isotherms  for  the  case  of  Pr  =  0.7  and 
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which  are  normal  to  the  isothermal  lines.  The  temperature 
profiles  along  the  lines  1,  2,  and  3  shown  in  Fig.  6.4 
correspond  to  the  distributions  of  the  isothermals  at 
y  =  1.008,  0.504  and  0,  respectively.  Fig.  6.6  clearly  in¬ 
dicates  that  the  reversal  of  the  sign  for  the  vertical  tem¬ 
perature  gradient  does  not  exist  along  the  lines  y  =  0  and 
1.008  contradicting  with  the  prediction  of  the  approximate 
analytical  solution  [4.6],  On  the  other  hand,  the  reversal 
of  the  temperature  gradient  does  indeed  exist  along  the  line 
y  *  0.504. 

The  distributions  of  the  constant  vorticity  lines 
for  the  case  of  Pr  =  0.7  and  y  s  0  at  Ra  *  8010.52  and  4  x  10 
are  shown  in  Figs.  6.7(a)  and  (b),  respectively.  It  is  seen 
that  along  the  line  of  symmetry  y  -  0  and  1.008,  the  vorti¬ 
city  function  £  vanishes.  We  know  that  the  solid  boundary 
represents  the  source  of  the  vorticity  function  and  the  vorti 
city  function  is  generated  at  the  top  and  bottom  plates  (with 
negative  sign)  and  dissipated  into  the  central  region  as  a 
sink  of  the  vorticity  function  (with  positive  sign).  At 

4 

Ra  =  4  x  10  ,  we  see  that  there  are  two  sinks  with  £  =  520 
in  the  central  region  for  the  two  strong  sources  of  vorticity 
function  located  near  y  =  0.65,  z  =  0  and  y  =  0.35,  z  =  1.0, 
res pecti vel y ,  on  the  rigid  boundaries.  This  is  in  contrast 
to  the  one  sink  and  two  sources  for  Ra  =  8010.52.  We  are 
particularly  impressed  with  the  drastic  change  of  pattern  for 
the  vorticity  as  the  value  of  the  Rayleigh  number  increases 
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Fig.  6.7  Lines  of  constant  vorticity  for  the  case  of  Pr  =  0.7  and 


' 


192 


from  8010.52  to  4  x  10^.  It  is  interesting  to  note  that  the 
maxima  of  the  absolute  vorticity  occur  right  at  the  bounda¬ 
ries  because  here  the  horizontal  shear  stress  is  greatest. 

The  pattern  for  vorticity  at  Ra  =  4  x  10  is  rather  complex. 

Fig.  6.8  illustrates  the  streamlines  for  the  case 
of  y  =  0  at  Ra  =  8010.52  and  4  x  104.  For  this  case  of 
y  =  0,  we  can  see  that  the  two  diagonal  lines  are  lines  of 
symmetry  by  substituting  (u,  -v,  -w,  -0,  ip ,  £,  -y  and  -z)  for 
(u,  v,  w,  0,  ip ,  £,  y  and  z)  into  equations  (6.10)  to  (6.14). 

For  the  Rayleigh  number  near  the  critical  value,  the  stream¬ 
lines  are  seen  to  be  almost  symmetric  with  respect  to  the 
lines  y  =  1.008/2  and  z  =  0.5.  However,  Fig.  6.8  shows  that 
as  the  value  of  Ra  increases,  the  streamlines  are  seen  to  be 
compressed  in  the  direction  of  the  line  y  =  0,  z  =  0  and 
y  =  1.008,  z  =  1.0  representing  slight  distortion  into  an 
oblong  shape.  It  is  interesting  to  note  that  the  distribu¬ 
tions  of  the  stream  function  are  much  more  smoother  than 
those  of  the  vorticity  function  due  to  the  fact  that  the 
stream  function  is  a  twi ce -i ntegra ted  version  of  the  vorticity. 

All  the  illustrations  shown  in  Figs.  6.5  to  6.8  are 

4 

for  the  case  y  =  0  at  Ra  =  8010.52  and  4  x  10  to  indicate 
the  build-up  of  the  secondary  flow  intensity  with  the  in¬ 
crease  of  the  Rayleigh  number  for  Pr  =  0.7.  The  profiles 
for  axial  velocity  and  temperature  shown  in  Figs.  6.3  and 
6.4,  respectively,  can  be  contrasted  with  the  distributions 
shown  in  Figs.  6.5(a)  to  6.8(b)  along  the  vertical  lines 
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Fig.  6.8  Secondary  flow  streamlines  for  the  case  of  Pr  =  0.7  and 
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y  =  0,  0.504  and  1,008.  The  numerical  solution  clearly 
yields  the  detailed  flow  structure  and  sheds  the  light  on 
the  detailed  heat  transfer  mechanism.  Before  proceeding  on 
presenting  the  over-all  flow  and  heat  transfer  results  for 
the  limiting  case  of  y  =  0,  some  features  on  the  flow  struc¬ 
ture  in  the  form  of  streamlines  for  the  cases  of  y  *  finite 
and  | y  |  +  °°  will  be  considered  next. 

Three  typical  secondary  flow  streamlines  for  the  case 
of  y  «  -30  with  a  =  3.735  and  Pr  =  0.7  at  three  different 
values  of  the  Rayleigh  number  are  shown  in  Fig.  6.9 
indicate  the  gradual  development  of  the  streamline  patterns. 
It  is  noted  that  the  value  of  Ra  s  -1000  (see  Fig.  6.9(a)) 
is  not  too  far  from  the  critical  value  of  Ra*  =  -884.47  (see 
Appendix  4.2  in  Chapter  IV),  Since  the  unstable  region  is 
confined  further  to  lower  part  of  the  channel  for  the  case 
of  negative  y  in  comparison  with  the  case  of  positive  y,  the 
intensity  of  the  secondary  motion  is  seen  to  be  much  stronger 
in  the  lower  part  than  that  In  the  upper  part.  This  is  also 
reflected  in  the  location  of  the  minimum  stream  function 
(the  eye  of  streamlines)  being  situated  in  the  lower  part 
of  the  channel  and  also  to  the  left  of  the  central  vertical 
line  (y  =  0.8411/2)  of  a  vortex  roll.  Consequently,  the  up¬ 
ward  stream  is  much  stronger  than  the  downward  stream.  Fig. 
6.9(b)  shows  that  at  Ra  =  -3000,  the  eye  of  the  streamlines 
is  further  shifted  toward  the  vertical  line  y  =  0  in  the 
region  of  the  upward  stream.  The  secondary  motion  is  seen 
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to  be  very  weak  near  the  upper  right-hand  corner  and  rather 
weak  near  the  lower  right-hand  corner  as  compared  with  the 
secondary  flow  near  the  lower  left-hand  corner.  At  Ra  = 

-5000,  the  numerical  technique  fails  to  yield  a  convergent 
solution  with  an  error  of  0(10’^)  but  numerical  solution  is 

_  o 

obtained  with  a  larger  error  of  0(10  )  and  the  resulting 

secondary  flow  streamlines  are  shown  in  Fig.  6.9(c).  As  a 
result  of  the  weaker  secondary  motion  in  the  upper  part  of 
the  channel  and  near  the  lower  right-hand  corner,  two  secon¬ 
dary  vortices  with  flow  opposite  to  that  of  the  primary  vortex 
appear.  Although  the  numerical  solution  cannot  be  considered 
to  be  sufficiently  convergent  at  Ra  =  -5000,  it  is  known  that 
single  eye  secondary  motion  is  not  always  stable  in  the  region 
of  the  channel  where  the  basic  temperature  distribution  is 
stable.  At  Ra  =  -5000,  we  see  that  the  upward  stream  is  much 
stronger  and  the  eye  of  the  primary  vortex  is  moved  further 
toward  the  vertical  line  y  =  0. 

For  the  case  |y|  ->  °° ,  three  typical  secondary  flow 
streamlines  at  different  values  of  the  parameter  ReRa^  are 
shown  in  Fig.  6.10  for  Pr  =  0.7  and  a  =  3.621.  The  patterns 
for  the  streamlines  shown  in  Fig.  6.10(a)  and  (b)  are  more 
or  less  similar  to  those  shown  in  Fig.  6.9(a)  and  (b), 

5 

respectively.  At  ReRa^  s  1.5  x  10  ,  the  numerical  technique 
again  yields  a  solution  only  with  a  relatively  large  error 

_  Q 

of  0(10  )  and  the  situation  is  very  similar  to  the  case 

shown  in  Fig.  6.9(c).  In  contrast  to  the  case  shown  in 
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Fig.  6.9(c),  we  cannot  detect  any  secondary  vortices  in  the 
form  of  reversed  flow  for  the  case  shown  in  Fig.  6.10(c). 

We  can  conclude  that  within  the  range  of  the  present  investi¬ 
gation  the  weaker  secondary  vortices  in  the  form  of  reversed 

flow  do  not  exist  for  the  case  of  |y|  +  ®  up  to  at  least 

5 

ReRaT  =  1,5  x  10  .  In  making  the  above  comparison  between 
the  cases  of  negative  y  and  |y|  +  we  must  recognize  the 
fact  that  for  the  case  |y|  ->  the  region  in  exactly  the 
upper  half  of  the  channel  is  completely  stable  and  only  the 
lower  half  is  unstable  whereas  for  the  case  of  negative  y 
the  unstable  region  occupies  only  part  of  the  lower  half  of 
the  channel.  This  observation  can  be  seen  from  the  basic 
termperature  distributions.  For  the  case  shown  in  Fig. 
6.10(c),  the  secondary  motion  is  seen  to  be  rather  weak  in 
the  regions  near  the  upper  and  lower  right-hand  corners.  We 
may  speculate  that  with  the  further  increase  of  the  value  of 
ReRa_  the  region  of  reversed  flow  may  appear  eventually. 

In  view  of  the  above  observations  for  Figs.  6.9  and  6.10, 
the  structure  of  the  s econdarj  mo t i on  is  still  quite  uncertain 
beyond  the  range  of  the  parameter  Ra  or  ReRa^  studied  in 
this  investigation. 

As  noted  earlier  in  Figs.  6.9(a)  and  (b)  and  also 
Figs.  6.10(a)  and  (b),  the  intensity  of  the  upward  stream 
is  much  stronger  than  that  of  the  downward  stream.  It  may 
be  of  interest  to  see  the  effects  of  the  strong  upward  stream 
and  weak  downward  stream  for  secondary  flow  on  the  axial 
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velocity  and  temperature  distributions.  Figs.  6.11  and  6.12 
show  the  distributions  of  the  axial  velocity  and  temperature, 
respectively,  along  the  lines  y  =  0  and  0.8411  for  the  case 
of  Pr  =  0.7,  y  =  -30  at  Ra  =  -1000  and  -3000.  In  both 
Figs.  6.11  and  6.12,  solid  lines  represent  the  distribution 
in  the  unperturbed  state,  dashed  lines  represent  the  distri¬ 
butions  along  y  -  0  (upward  stream) and  broken  lines  represent 
the  distributions  along  y  -  0.8411  (downward  stream).  For 
the  case  of  Ra  =  -1000,  both  Figs.  6,11  and  6.12  show  that 
the  deviations  of  the  axial  velocity  and  temperature  profiles 
from  the  unperturbed  state  are  greater  along  the  line  y  =  0 
than  along  the  line  y  -  0.8411,  For  the  case  of  Ra  -  -3000, 
this  trend  is  more  pronounced.  It  is  also  interesting  to 
note  that  for  the  case  of  Ra  *  -1000  shown  in  Fig.  6.11, 
the  dimensionless  axial  velocity  U / U q  is  even  slightly  grea¬ 
ter  than  1  near  y  =  0.8411  and  z  =  0.43. 

For  the  finite  amplitude  thermal  convection  problem 
under  consideration,  such  overall  quantities  as  resistance 
coefficient  and  Nusselt  number  are  usually  of  interest  in 
design.  In  view  of  the  complexity  of  the  present  problem, 
the  product  of  the  friction  factor  and  Reynolds  number,  fRe, 
and  the  Nusselt  number,  Nu ,  are  defined  in  several  different 
ways  as  foil ows  : 
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Fig.  6.11  Axial  velocity  d i s trubu ti ons  for  the  case 

of  Pr  =  0.7  and  I  y  I 
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Fig.  6.12  Temperature  distributions  for  the 

case  of  Pr  =  0.7  and  y  =  -30 
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1 4  +  1  (5iL)  _  | 

(fRe),  =  - --1-  zrP_  s  at  lower  plate  (6.25) 

[4(z-z2)  +  y-]2 


(fRe ) 2 


_4+L  (tH) 

4  2  a  z  z  =  1 

[4<  z-z2 )  +  y-]2 


at  upper  plate 


(6.26) 


( fRe  )3  =  [(fRe),  +  (fRe)2]/2  =  4/[4(z-z2)  +  |]2  , 

from  overall  force  balance  (6.27) 

where  f,  =  2p  ifjrl z  ,  =0/pU2  ,  f2  =  2p  ||p-|  z  .  =h/ pU2 . 

f^  =  ( 3P/3x 1 )h/pU2  and  Re  =  UQh/(2v)  . 

The  above  definitions  for  the  parameter  fRe  apply  to  all 
the  cases  considered  in  this  investigation,  namely,  y  =  0, 
y  =  finite  and  |y|  »  and  the  physical  meaning  of  each  de¬ 

finition  is  obvious. 

<Nu>i  ■  iw  ■  <2/3>  •  Pr  p  +  1  -  (ff>z=o 


(6.28) 
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(Nii)2  =  ^  =  (2/3)  •  Pr  u  -  1  +  (||)z  =  1  (6.29) 

q^h 

( Nu ) 3  =  =  C(Nu)l  +  (Nu>2]/2  =  Pr  m(2/3  +  u/2)  (6.30) 

where  q-j  and  q^  are  the  amount  of  heat  conducted  from  the 
lower  and  upper  plates,  respectively,  to  the  fluid  per  unit 
time  per  unit  area  and  q3  is  the  net  enerqy  increase  in 
the  fluid  per  unit  time  per  unit  cross-sectional  area. 

The  above  expressions  for  the  Nusselt  number  are 
based  on  the  temperature  difference  between  the  two  horizon¬ 
tal  plates  and  applicable  to  the  cases  of  y  =  0  and  y  =  finite 
only.  We  note  that  for  the  case  of  y  =  0,  the  definition 
( Nu )  -j  represents  the  total  heat  transported  by  the  system  in 
the  steady  state  and  is  given  by  the  mean  temperature  gradient 
evaluated  at  the  lower  boundary.  Accordingly,  the  expression 
( Nu ) i  is  identical  to  the  Nusselt  number  usually  used  in  the 
Benard  convection  problem  and  direct  comparison  is  possible. 

It  is  instructive  to  note  that  for  the  case  of  finite  y, 

(Nu)-j  and  ( Nu )  2  represent  the  average  heat  transfer  rate  at 
the  lower  and  upper  plates,  respectively,  whereas  ( Nu ) ^  re¬ 
presents  the  heat  transfer  rate  in  the  main  flow  direction  by 
convection. 

The  case  of  |y|  -*■  °°  corresponds  to  the  well-known 
case  of  fully  developed  laminar  flow  between  two  parallel 
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plates  without  secondary  flow  for  the  uniform  wall  heat  flux 
boundary  conditions  at  the  upper  and  lower  plates.  Consequently, 
for  this  case  of  |  y  |  +  00  (or  T-j  =  =  T  ),  the  expressions 

for  the  Nusselt  number  are  defined  by  using  the  mixed  mean 
temperature  difference  in  accordance  with  the  current  prac¬ 
tice  as  foil ows : 


Tw  -  tm  =  PrRexh  J1  j1'/a  ( <(> 0  -  0T  ) Udy dz/ ( U  •  Tr/a  ) 


0  0 


=  PrRexh  (<J>0  -  6t)m 


(6.31  ) 


(6.32) 


(6.33) 


( Nu  )  1  +  ( Nu  )  2 


2 
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where  <j>Q  and  6^  are  defined  in  equations  (6.2)  and  (6.16), 
respectively,  and  q^  ,  (i=l,2,3)  has  the  same  meaning  as  in 
the  cases  of  y  =  0  and  y  =  finite.  It  is  noted  that  all 
the  average  velocity  and  temperature  gradients  contained  in 
the  above  definitions  (6.25)  to  (6.34)  are  evaluated  by  using 
non-central  five-point  finite-difference  formula  and  all 
integrations  are  carried  out  by  using  Simpson's  rule.  The 
expressions  (Nu)-j  and  (Nu)2  represent  the  average  heat  trans¬ 
fer  rate  at  the  lower  and  upper  plates,  respectively,  and 
Nu^  represents  the  overall  heat  transfer  rate  in  the  main  flow 
direction  by  convection  which  can  be  compared  directly  with 
the  usual  definition  in  forced  convection  without  secondary 
flow.  After  defining  the  expressions  for  fRe  and  Nu ,  the 
flow  and  heat  transfer  results  for  the  present  problem  will 
be  considered  next. 

Fig.  6.13  shows  the  flow  result  in  the  form  of  the 
ratio  ( fRe ) ^/ ( f Re )q  versus  Ra  for  the  cases  of  y  =  0  and 
y  =  finite  (negative  or  positive)  with  Pr  =  0.7.  We  note 
that  (fRe)Q  =  9.0  for  the  case  without  free  convection  effect. 
It  is  interesting  to  note  that  for  a  given  value  of  Ra ,  the 
value  of  (fRe)3/(fRe)Q  is  larger  for  the  positve  y  as  com¬ 
pared  with  the  negative  y  of  the  same  value.  Similarly, 

Fig.  6.14  illustrates  the  variation  of  ( f Re ) 3 / ( f Re ) Q  with  the 
parameter  P  r  R  e  R  a  ^  for  the  case  of  |y|  -*■  00  with  various 
Prandtl  numbers.  The  reason  for  using  the  product  of  Pr 
and  ReRaT  as  one  parameter  was  explained  earlier  in  section 
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Fig.  6.13  ( f Re ) 3/ ( f Re ) 0  versus  Ra  for  the  cases  of 

and  y  =  finite  with  Pr  =  0.7 
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6.2.  For  the  range  of  R a ( y  =  finite)  or  PrReRa^(|y|  °°) 
beyond  the  one  shown  in  the  figure,  the  present  numerical 
technique  fails  to  yield  a  convergent  solution.  However, 
for  the  case  of  y  =  0,  the  present  resul t  clearly  indicates 
an  asymptotic  behavior  for  the  large  Ra.  For  the  case  of 
|  y  |  00  with  large  Prandtl  number,  the  effect  of  the  secondary 

flow  on  friction  factor  is  seen  to  be  negligible.  This 
observation  can  also  be  seen  by  examining  equations  (6.18) 
and  (6.21).  For  a  given  finite  value  of  PrReRaT  with  large 
Pr,  the  value  of  ReRa  is  small  and  the  intensity  of  secondary 
flow  is  weak.  Consequently,  the  increment  of  the  value  of 
(fRe)^  indicating  the  effect  of  secondary  motion  on  flow 
result  is  not  significant.  Furthermore,  Fig.  6.14  indicates 
that  at  PrReRa  =  10^  (about  five  times  the  critical  PrReRaT)  , 
the  friction  factor  increases  by  about  15  per  cent  only  for 
Pr  =  2  as  compared  with  the  case  without  secondary  flow. 
Unfortunately,  theoretical  or  experimental  data  for  flow  are 
not  available  in  the  literature  for  comparison  with  the  pre¬ 
sent  results  shown  in  Fig.  6.13  and  6.14.  A  numerical  experi¬ 
ment  is  also  made  to  evaluate  the  wave  number  effect.  For 
the  case  of  y  =  0,  at  Ra  =  1  0  ^  the  difference  of  about  10% 
and  25%  for  the  flow  result  is  observed  as  the  wave  number 
is  varied  from  3.116  to  3.5  and  4.0,  respectively. 

In  order  to  assess  the  accuracy  of  the  present  nume¬ 
rical  solution,  comparison  of  the  result  of  this  investigation 
for  the  case  of  y  =  0  with  the  analytical  result  of  Mori  and 
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Uchida,  their  experimental  data  [4.6]  and  Plows'  numerical 
result  [6.7]  for  two-dimensional  steady  laminar  Benard  con¬ 
vection  is  made  in  Fig.  6.15.  Plows  [6.7]  considered  the 
effect  at  Prandtl  number  for  the  Rayleigh  number  ranging  from 
2000  to  20000.  However,  only  the  curve  for  Pr  =  0.5  ~  1  is 
taken  for  comparison  here.  It  is  not  surprising  that  the 
result  of  the  present  numerical  solution  and  Plows'  numerical 
result  coincide  exactly  since  the  governing  equations  and 
the  boundary  conditions  are  identical  for  the  Benard  problem 
with  two-dimensional  rolls  between  two  rigid  surfaces  and  the 
present  fully  developed  laminar  forced  convection  between  two 
horizontal  plates  with  longitudinal  vortex  rolls  for  the  case 
y  =  0.  The  agreement  of  the  two  results  serves  to  confirm  the 
accuracy  of  the  present  numerical  technique. 

Mori  and  Uchida's  result  from  analytical  solution 
based  on  Stuart's  method  starts  deviation  at  Ra  =  3000  from 
the  results  of  the  two  numerical  solutions  and  considerable 
difference  is  seen  at  higher  Rayleigh  number.  At  Ra/Ra*  =  9.0, 
Mori  and  Uchida's  result  is  seen  to  have  about  25  per  cent 
error  as  compared  with  the  numerical  result.  Mori  and  Uchida's 
experimental  data  are  also  seen  to  lie  below  the  two  numerical 
solutions.  As  mentioned  in  the  Introduction,  the  solution  of 
the  analogous  problem  of  flow  between  rotating  cylinders  by 
Stuart's  energy -ba 1  a  nee  method  is  estimated  to  have  a  largest 
error  of  about  7  per  cent  for  the  torque  at  a  Taylor  number 
up  to  ten  times  the  critical  value.  Although  similar  energy- 
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Fig.  6.15  ( Nu )  -.  versus  Ra  for  the  case  of 
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balance  method  due  to  Stuart  is  used,  the  error  of  25  per 
cent  in  heat  transfer  result  for  the  present  problem  with 
u  =  0  and  the  error  of  7  per  cent  in  flow  result  for  Taylor's 
problem  represent  quite  a  contrast.  A  comparison  with  Fromm's 
numerical  solution  for  Benard 1 s  problem  [6.4]  is  also  possible. 
Since  his  graphical  result  cannot  be  read  accurately,  only 

5 

one  datum  point  at  Ra  =  10  is  plotted  in  Fig.  6.15  for  com¬ 
parison  and  an  excellent  agreement  is  again  observed.  Although 
the  present  problem  for  p  =  0  is  not  exactly  identical  to 
the  Benard  problem  except  for  the  case  of  two-dimensional 
rolls,  nevertheless,  the  heat  transfer  results  for  the  two 
problems  are  known  to  be  similar  and  a  comparison  of  numerical 
solution  with  experimental  data  [6.8]  for  Benard  convection 
is  also  made  in  Fig.  6.15.  A  largest  difference  of  20  per 
cent  based  on  numerical  solution  is  observed  at  Ra  =  3.5  x 

4 

10  for  the  experimental  data. 

A  numerical  experiment  is  also  made  to  study  the 
effect  of  variable  wave  number.  As  shown  in  Fig.  6.15,  only 
a  few  per  cent  difference  is  found  for  a  rather  wide  range 
of  wave  number  from  a  -  3.116  to  5.0  at  a  high  Rayleigh  number 
of  Ra  =  10  .  For  smaller  variation  of  wave  number  and  at 
lower  Rayleigh  numbers,  the  difference  is  found  to  be  even 
smaller.  Consequently,  we  can  conclude  that  the  present 
assumption  on  wave  number  is  a  reasonable  approximation  for 
the  heat  transfer  result  at  least  for  the  case  of  p  =  0. 

Heat  transfer  results  for  Pr  =  0.7  in  the  form  of 
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(  Nu  )  .j  /  (  Pry )  (i=l,2,3)  versus  Rayleigh  number  with  y  (=  finite) 
as  a  parameter  are  shown  in  Fig.  6.16.  By  examining  equations 
(6.28)  to  (6.30),  it  is  not  difficult  to  see  the  reason  for 
taking  (Nu)../(Pry)  (i=l,2,3)  as  a  coordinate.  Based  on  the 
temperature  difference,  AT,  for  the  definition  of  Nusselt 
number  we  see  that  the  effect  of  secondary  flow  does  not 
necessarily  lead  to  increased  heat  transfer  rate.  The  value 
of  ( Nu )  -j  /  (Pry)  represents  the  average  heat  transfer  rate  at 
the  lower  plate  and  is  seen  to  increase  as  Ra  increases  for 
positive  y  <_  1 5  and  decrease  for  the  other  values  of  y.  The 
value  of  (NuJg/fPry)  represents  the  average  heat  transfer 
rate  at  the  upper  plate  and  is  seen  to  decrease  as  Ra  increases 
for  all  y's.  The  value  of  ( Nu ) 3/ ( Pry )  represents  the  overall 
heat  transfer  rate  for  fluid  and  is  seen  to  decrease  as  Ra 
increases  for  all  y's.  The  reason  for  a  decreased  overall 
heat  transfer  rate  can  be  explained  easily  by  examining  the 
term  (2/3  +  u"/ 2 )  in  the  expression  for  (Nu)3/(Pry).  It  is 
noted  that  the  mean  velocity  for  perturbed  flow  is  always 
negative  and  its  value  decreases  further  as  the  intensity  of 
secondary  flow  (or  Ra)  increases.  For  y  =  7.5,  the  behavior 
for  heat  transfer  results  shown  in  Fig.  6.16  is  rather  complex. 
For  example,  the  value  of  (Nu)3/(Pry)  becomes  zero  at  some 
value  of  Rayleigh  number  and  from  thereon  the  value  for 
(  Nu  ) -j /fPry)  i  ncreas  es  at  higher  rate  with  the  further  increase 
of  Ra.  For  y  =  7.5,  it  is  seen  that  the  present  configura¬ 
tions  is  effective  in  removing  heat  from  the  lower  plate  but 
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Fig.  6.16  (  Nu  )  .j  /  (  Pry  )  (i  =  l  ,2,3)  versus  Ra  with 

y(=  finite)  as  a  parameter  for  Pr  =  0.7 
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rather  poor  from  the  viewpoint  of  heating  the  fluid.  In 
general,  it  can  be  stated  that  the  case  of  finite  p  is  not 
efficient  for  heating  fluid  and  this  observation  is  believed 
to  be  significant  in  a  design  problem. 

Fig.  6.17  shows  the  results  for  Nusselt  number  ratio 
(  Nu  )  .j  /  Nu  )q  (1  =  1,2, 3)  versus  PrReRa^  for  the  case  of  \]i\  ■+  °° 
with  various  Prandtl  numbers.  The  reason  for  taking  the 
product  of  Pr  and  ReRaT  as  a  parameter  is  based  on  the  ob¬ 
servation  that  for  a  given  value  of  PrReRa^,  the  value  of 
(Nu)^/(Nu)q  (1  =  1, 2, 3)  for  Pr  2  is  seen  to  approach  the 
asymptotic  solution  for  Pr  00  with  a  maximum  difference  of 
about  3  per  cent.  This  observation  on  asymptotic  behavior 
for  Prandtl  number  effect  suggests  that  for  the  case  of 
| y  |  +  00  only  one  computation  is  required  to  predict  the  heat 
transfer  result  for  a  Prandtl  number  ranging  from  say  2  to 
It  is  also  seen  in  Fig.  6.17  that  the  value  of  (Nu)2/(Nu)0 
for  various  Prandtl  numbers  is  found  to  be  approximately 
one.  This  may  be  caused  by  the  fact  that  the  heat  transfer 
rate  is  not  affected  by  the  weak  secondary  motion  near  the 
plate  as  shown  in  Fig.  6.10. 

A  brief  outline  on  the  order  of  magnitude  analysis 
for  the  governing  equations  is  given  in  Appendix  6.1  and 
numerical  results  for  flow  and  heat  transfer  are  tabulated 
in  Appendix  6.2  for  possible  future  reference. 
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Fig.  6.17  (Nu)./(Nu)n  (i-1,2,3)  versus  PrReRa  for  the  case  of 
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6 . 5  Concluding  Remarks 

(a)  The  boundary  vorticity  method  and  its  improved 
iterative  scheme  (within  the  scope  of  the  present  study)  have 
been  shown  to  be  quite  effective  for  the  numerical  solution 
of  the  present  rather  complicated  problem.  With  respect  to 
the  determination  of  the  boundary  vorticity,  the  method  of 
unsteady  state  solution  employed  in  [6.6]  requires  a  longer 
computing  time  and  one  additional  step  than  the  present  tech¬ 
niques.  The  numerical  experiment  shows  that  up  to  about  one- 
quarter  of  computing  time  can  be  saved  by  using  the  improved 
(or  modified)  iterative  scheme  as  compared  with  the  boundary 
vorticity  method  using  a  relaxation  factor  of  unity.  This 
does  not  imply  that  the  improved  iterative  scheme  is  always 
better  than  the  boundary  vorticity  method  if  the  relaxation 
factor  is  other  than  one  or  for  a  problem  formulated  in 
polar  coordinates. 

(b)  The  heat  transfer  result  from  the  present  numeri¬ 
cal  study  for  the  case  of  y  =  0  agrees  exactly  with  the 
numerical  result  reported  in  [6.7]  for  the  Benard  convection 
problem.  This  agreement  serves  to  confirm  the  accuracy  of 

the  present  numerical  technique.  Mori  and  Uchida's  approximate 
analytical  result  [4.6]  starts  deviation  from  the  present 
numerical  result  at  Ra  =  3000,  and  about  25  per  cent  error 
is  observed  at  Ra  =  9.0  Ra*.  Thus,  we  can  conclude  that 
Stuart's  method  is  valid  only  for  Rayleigh  number  ranging  up 
to  say  Ra  =  3.0  Ra*  with  a  maximum  error  of  about  10  per  cent. 
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Besides  the  present  problem,  the  boundary  vorticity  method 
and  its  improved  (or  modified)  iterative  scheme  are  believed 
to  be  equally  effective  for  the  numerical  solution  of  a  host 
of  other  similar  finite  amplitude  convection  problems  in  the 
post-critical  regime. 

(c)  The  asymptotic  behavior  of  the  flow  and  heat 
transfer  results  for  Pr  ■>  0(1)  observed  in  both  the  combined 
free  and  forced  convection  problem  (Chapter  III)  and  the 
thermal  instability  problem  (Chapter  IV)  is  also  observed  in 
the  present  finite  amplitude  convection  problem.  Fig.  6.14 
shows  that  the  effect  of  secondary  motion  on  the  flow  result 
is  negigible  for  Pr  _>  2  for  the  parameter  PrReRa^  within  the 
range  of  present  investigation.  Fig.  6.17  also  shows  that 
for  Pr  £  2,  the  heat  transfer  result  already  approaches  the 
solution  for  the  large  Prandtl  number  with  a  maximum  error  of 
less  than  3  per  cent.  This  observation  suggests  that  com¬ 
putations  for  all  the  Prandtl  numbers  between  2  and  °°  are  not 
required  to  study  the  Prandtl  number  effect. 

(d)  The  assumption  that  the  wave  number  in  the  post- 
critical  regime  does  not  deviate  from  the  critical  value 
determined  by  the  linear  stability  analysis  discussed  in 
Chapter  IV  is  found  to  be  a  fairly  good  approximation  for 

the  heat  transfer  result  but  a  rather  poor  approximation  for 
the  flow  result  in  the  case  of  y  =  0.  Due  to  considerable 
computing  time  requirement,  the  numerical  experiment  was  not 
carried  out  for  the  other  cases.  However,  it  is  suggested 
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that  the  wave  number  in  the  post-critical  regime  should  be 
determined  from  a  study  in  the  entrance  region  instead  of 
the  fully  developed  region  considered  in  this  study.  From 
the  viewpoint  of  physical  reasoning,  we  have  no  reasons  to 
expect  that  the  size  and  structure  of  the  vortex  roll  should 
be  determined  in  the  fully  developed  region  alone.  It  is 
believed  that  a  study  in  the  thermal  entrance  region  will 
shed  some  light  regarding  the  variation  of  the  wave  number 
in  the  post-critical  regime. 
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Append i x  6 . 1  Order  of  Magnitude  Analysis  for  Governing  Equations 

For  the  sake  of  simplicity,  the  discussion  on  the 
orders  of  magnitude  of  the  terms  representing  compression 
work,  viscous  dissipation  and  variable  property  effects  will 
not  be  made  here.  Referring  to  Fig.  6.1, the  dependent  variables 
describing  the  steady  state  velocity,  pressure  and  temperature 
fields  are  written  as, 

11  =  11^  +  u',  V  =  v',  W  =  w',  P  =  +  p '  and 

T  =  Tb  +  0 '  (6.1.1) 

It  is  noted  that  the  basic  quantities  and  in  the  unper¬ 
turbed  state  are  given  in  equation  (6.2)  for  the  steady  fully 
developed  plane  Poiseuille  flow  and  the  perturbation  quanti¬ 
ties  u',  v',  w',  p'  and  9'  are  functions  of  space  variables 
x  1  ,  y  '  and  z  '  only. 

To  normalize  the  perturbation  equations,  we  introduce 
the  following  dimensionless  quantities  for  dependent  and 
independent  variables, 

u'  =  u c u ,  v'  =  v c v ,  w'  =  wcw,  p'  =  pcp,  e'  =  ece, 

x'  =  Lx,  y'  =  y  and  z1  =  ^  z  (6.1.2) 
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where  h  is  a  distance  between  the  two  parallel  plates  and  the 

Tf  h 

length  is  one-quarter  of  a  wavelength.  Observing  the 
governing  equations  and  the  physical  character  of  longitudinal 
vortex  rolls,  we  find  that 

continuity  equation  0(3v'/3y')  =  0(v  9w'/9z') 

2  2 

x' -direction  momentum  equation  0(v  3  u'/3z'  )  =  0(w'  3Uj/3z') 

2  2 

y'-direction  momentum  equation  0(3p'/p3y')  =  0(v  3  v  */  3  z  '  ) 

2  2 

z'-direction  momentum  equation  0(^6')  =  0(v  3  w'/3z'  ). 

Using  the  above  relations,  the  relationships  between  the 
characteristic  quantities  are  obtained  as, 

v  =  w  7T / a ,  w  =  u  /Re,  p  =  v  2pv  tt/ (ah)  and 
CO  c  c  c  c 

wc  =  ec  3g  h2/(4v)  (6.1  .3 ) 

Substituting  equations  (6.1.1),  (6.1.2)  and  (6.1.3) 
into  the  continuity,  momentum,  and  energy  equations,  the 
equations  for  the  perturbation  quantities  can  be  shown  as: 

3u.3v.3w_ 
el  3x  3y  3 z 


0 


(6.1.4) 
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I  3u  R  3ux  R  3  u  ,,  3  u  x  ,  w  -  Tu 

"  37  +  B1U  S7}  +  VU  37  +  W  3l>  +  2  TT 


=  B  £  i£  +  e  a2u  +  1  a2u  t  a2u 

21  3X  2  3x2  B2  3y 2  3z2 


(6.1.5) 


L  iv.  +  R  ..  9Vx  .  n  3  v  3Vx  _  3£ 

3X  +  Blu  W>  +  Bl(v  37  +  w  -  -  37 


2  ?  9 

+  c  i-V  +  _L  i_v  4.  3_v_ 

2  ax2  B2  3y2  3 z 2 


(6.1  .6) 


L!f  +  biu  If)  +  Bi<v  ly  +  -  If) 


-  B  ^ 
D2  3z 


,2  ,  .2  .2 

3  w  ,  J_  3  w  ,  3  w  , 

2  3x 2  B2  3y 2  3z 2 


(6.1  .7) 


'  3  6  ,  n  3  6  X  .  n  n  /  3  0,  36xin/U 

T  37  +  Biu  37>  +  PrBi(v  ay  +  w  al*  +  Ra(i7  u 


(6.1 .8) 


Pry  ..  A  Ra  tlX  _  3  2  0  ^  1  3  20  ,  3  20 

—  “5z--TTr“)-e2^r  +  fi7^  +  ^r 


=  Reh/(2L).  £?  =  h2/f4L2),  B,  =  uc/U0  and  B2  =  (f)2. 


Equations  (6.1.4)  to  (6.1.8)  can  be  reduced  to  equa- 
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tions  (6.3)  to  (6.5)  and  (6.7)  by  setting  L  +°°  for  fully 
developed  flow  provided  that  Pr,  B-j  ,  Re  and  h  are  finite. 

In  addition  to  the  fully  developed  flow  assumption,  by  setting 

uc 

B,  =  n—  +  0  for  infinitesimal  disturbance,  equations  (6.1  .4) 

1  u0 

to  (6.1.8)  can  be  further  reduced  to  the  linearized  equations 
discussed  in  Chapter  IV. 
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Appendix  6 . 2  Numeri cal  Resul ts 


Pr  =  0.7,  \i  =  0,  a  =  3.116 


Ra  x  10"3 

(fRe), 

( f  Re )  g 

( f Re )  3 

<Nu>i 

( Nu )  2 

(  Nu)3 

1 .7087 

9.0 

9.0 

9.0 

1  .0 

-1  .0 

0 

2.5 

10.75 

10.75 

10.76 

1  .485 

-1  .485 

0 

3.5 

11  .82 

11  .82 

11.85 

1  .820 

-1 .820 

0 

5.5 

13.04 

13.04 

13.11 

2.201 

-2.201 

0 

8.0105 

14.02 

14.02 

14.14 

2.493 

-2.493 

0 

10.0 

14.61 

14.61 

14.77 

2.664 

-2.664 

0 

15.0 

15.34 

15.34 

15.56 

2.872 

-2.872 

0 

17.08 

16.15 

16.15 

16.44 

3.096 

-3.096 

0 

40.0 

19.24 

19.24 

19.51 

3.912 

-3.912 

0 

100.0 

23.50 

23.50 

23.00 

5.083 

-5.083 

0 

300.0 

26.67 

26.67 

25.89 

6.643 

-6.643 

0 

Pr  =  0.7, 

y  =  0 ,  Ra 

=  4  x  104 

a 

(fRe), 

(fRe)2 

( f  Re )  3 

(Nu), 

( Nu )  2 

(  Nu  )  3 

3.5 

20.93 

20.93 

21  .20 

4.001 

-4.001 

0 

4.0 

22.46 

22.46 

23.02 

4.047 

-4.047 

0 

5.0 

25.69 

25.69 

26.37 

4.038 

-4.038 

0 

Pr  =  0.7, 

y  =  0 ,  Ra 

ii 

X 

o 

cn 

a 

(fRe), 

( f  Re )  2 

( f Re ) 3 

(Nu), 

( Nu )  2 

(  Nu  )3 

3.5 

2.626 

2.626 

2.553 

5.249 

-5.249 

0 

4.0 

2.984 

2.984 

2.875 

5.408 

-5.408 

0 

5.0 

3.505 

3.505 

3.273 

5.517 

-5.517 

0 
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Pr  =  0.7,  y  =  7.5,  a  =  3.284 


Ra  x  10'3 

( f  Re )  i 

( f Re )  2 

(fRe)3 

(Nu)1 

(Nu  )2 

(Nu)3 

1  .3290 

9.0 

9.0 

9.0 

4.5 

2.5 

3.5 

2.5 

11.41 

10.66 

11  .04 

4.837 

1  .479 

3.160 

5.0 

12,98 

12.38 

12.71 

5.005 

0.8834 

2.946 

10.0 

14.40 

14.56 

14.55 

5.064 

0.4405 

2.752 

20.0 

16.21 

17.53 

17.06 

5.167 

-0.0812 

2.542 

30.0 

17.51 

19.72 

18.88 

5.318 

-0.4729 

2.417 

60.0 

20.00 

25.07 

22.38 

5.760 

-1  .326 

2.220 

100.0 

21  .96 

32.11 

25.20 

6.205 

-2.247 

2.091 

Pr  =  0.7, 

y  =  1  5  ,  a 

=  3.415 

Ra  x  10'3 

( f Re) 1 

(  f Re  )  j 

(fRe)3 

(Nu), 

(  Nu  )  2 

(  Nu  )  3 

0.94366 

9.0 

9.0 

9.0 

8.0 

6.0 

7.0 

1  .5 

10.84 

9.982 

10.42 

8.194 

4.810 

6.507 

3.0 

12.42 

1 1  .09 

11.76 

8.272 

3.964 

6.123 

4.5 

12.95 

11  .66 

12.33 

8.195 

3.756 

5.982 

5.0 

12.94 

1 1  .70 

12.35 

8.126 

3.790 

5.976 

Pr  =  0.7, 

y  =  45 ,  a 

=  3.546 

Ra  x  10~3 

(fRe), 

(fRe  )  g 

( f Re  )3 

(Nu), 

(  Nu  )2 

(  Nu  )  3 

4.1098 

9.0 

9.0 

9.0 

22.0 

20.0 

21  .0 

6.0 

10.56 

9.685 

10.13 

22.15 

17.43 

19.80 

8.0 

11  .40 

10.04 

10.72 

22.23 

16.24 

19.24 

10.0 

1 1  .92 

10.28 

11.11 

22.23 

15.56 

18.90 

15.0 

12.65 

10.71 

11  .71 

22.12 

14.72 

18.41 

Ill 


Pr  =  0.7,  y  =  75,  a  =  3.576 


Ra  x  10"2 

( f Re ) , 

( f Re) g 

(  f Re )  3 

(  Nu ) , 

(Nu)2 

(Nu)3 

2.6081 

9.0 

9.0 

9.0 

36.0 

34.0 

35.0 

4.0 

10.72 

9.722 

10.23 

36.17 

29.48 

32.84 

6.0 

11.81 

10.17 

1  1  .0 

36.23 

27.06 

31  .67 

8.0 

12.40 

10.43 

11.42 

36.16 

25.92 

31.07 

10.0 

12.73 

10.60 

11.70 

35.92 

25.28 

30.70 

Pr  =  0.7, 

y  =  -  7.5, 

a  =  3.962 

Ra  x  10'3 

( f Re ) , 

(fRe)2 

( f Re )  3 

(Nu), 

(Nu)2 

(Nu)3 

-7.2236 

9.0 

9.0 

9.0 

-2.5 

-4.5 

-3.5 

-8.0 

9.371 

9.116 

9.229 

-2.495 

-4.440 

-3.456 

-9.0 

9.999 

9.334 

9.674 

-2.440 

-4.306 

-3.376 

-10.0 

10.40 

9.455 

9.930 

-2.421 

-4.239 

-3.332 

-15.0 

11.93 

9.899 

10.91 

-2.352 

-4.014 

-3.179 

Pr  =  0.7, 

y  =  -  15, 

a  =  3.836 

Ra  x  10"3 

(fRe), 

(fRe) 2 

(fRe)3 

(Nu), 

(  Nu )  g 

(  Nu  )3 

-2.2204 

9  .0 

9.0 

9.0 

-6.0 

-8.0 

-7.0 

-3.0 

10.33 

9.440 

9.888 

-5.924 

-7.438 

-6.678 

-3.5 

10.90 

9.603 

10.25 

-5.893 

-7.223 

-6.558 

-4.0 

11  .37 

9.729 

10.55 

-5.869 

-7.059 

-6.464 

-4.5 

11.75 

9.829 

10.80 

-5.847 

-6.931 

-6.391 

-5.0 

12.08 

9.913 

1  1  .0 

-5.830 

-6.827 

-6.331 

-6.0 

12.61 

10.05 

11  .34 

-5.799 

-6.664 

-6.236 

-7.0 

13.03 

10.15 

11.60 

-5.773 

-6.544 

-6.165 
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P r  =  0.7,  y  =  -30,  a  =  3.735 


Ra  x  10'3 

(fRe) , 

(fRe)2 

( f Re ) 3 

(Nu)1 

( Nu )  2 

(Nu)3 

-0.88447 

9.0 

9.0 

9.0 

-13.0 

-15.0 

-14.0 

-1  .0 

9.623 

9.236 

9.430 

-12.96 

-14.40 

-13.68 

-2.0 

11.96 

9.955 

10.96 

-12.85 

-12.53 

-12.69 

-3.0 

12.96 

10.23 

11.59 

-12.80 

-11.90 

-12.33 

-3.5 

13.30 

10.35 

11.84 

-12.75 

-11.72 

-12.20 

Pr  =  0.7,  y 

ii 

-•j 

on 

S0 

a  =  3.667 

Ra  x  10"2 

(fRe), 

(fRe ) 2 

( f Re )3 

(Nu), 

(  Nu  )2 

(  Nu )  3 

-3.0983 

9.0 

9.0 

9.0 

-34.0 

-36.0 

-35.0 

-4.0 

10.14 

9.443 

9.795 

-33.93 

-33.17 

-33.55 

-6.0 

1 1  .45 

9.883 

10.67 

-33.89 

-30.38 

-32.14 

-8.0 

12.18 

10.12 

11.16 

-33.82 

-29.01 

-31.43 

-10.0 

12.66 

10.28 

1 1  .48 

-33.74 

-28.20 

-30.99 

Pr  =  0.1  , 

I  y  |  00  >  a 

=  3.192 

ReRa  xlO’^ 

T 

(fRe), 

( f Re )2 

( fRe )  3 

(Nu), 

(  Nu  )  2 

(  Nu )  3 

5.6319 

9.0 

9.0 

9.0 

8.235 

8.235 

8.235 

6.5 

9.768 

9.359 

9.564 

8.372 

8.245 

8.308 

7.5 

10.34 

9.602 

9.975 

8.478 

8.246 

8.363 

8.5 

10.80 

9.782 

10.29 

8.564 

8.246 

8.404 

10.0 

11  .34 

9.993 

10.67 

8.666 

8.245 

8.455 

15.0 

12.55 

10.46 

11.51 

8.892 

8.252 

8.571 
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Pr  =  0.7,  |u|  +  oo,  a  =  3.621 


ReRa  xlO”^ 

T 

(fRe)1 

( f Re) 2 

( f Re )  3 

(Nu), 

( Nu )  ^ 

( Nu )  3 

<  2.1305 

9.0 

9.0 

9.0 

8.235 

8.235 

8.235 

3.0 

10.44 

9.577 

10.01 

9.154 

8.188 

8.673 

3.5 

10.94 

9.761 

10.36 

9.485 

8.172 

8.832 

4.0 

11  .33 

9.90 

10.62 

9.745 

8.164 

8.959 

4.5 

11.65 

10.02 

10.84 

9.962 

8.161 

9.064 

6.0 

12.30 

10.26 

11.29 

10.41 

8.169 

9.293 

7.5 

12.68 

10.41 

11.57 

10.64 

8.181 

9.443 

9.0 

12.97 

10.58 

11.81 

10.85 

8.231 

9.549 

Pr  =  2.  |u| 

-*  00 ,  a  = 

3.826 

ReRa  xlO~^ 

T 

(fRe), 

( f Re )  2 

(fRe)3 

(Nu)1 

(  Nu )  2 

(  Nu )  3 

<  0.90473 

9.0 

9.0 

9.0 

8.235 

8.235 

8.235 

1  .0 

9.137 

9.057 

9.097 

8.691 

8.234 

8.460 

1  .5 

9.624 

9.246 

9.436 

9.960 

8.192 

9.080 

2.0 

9.983 

9.370 

9.680 

10.66 

8.167 

9.419 

3.0 

10.52 

9.532 

10.02 

11  .46 

8.156 

9.810 

4.0 

10.87 

9.632 

10.26 

11.89 

8.159 

10.04 

5.0 

11  .08 

9.686 

10.39 

12.09 

8.177 

10.15 

Pr  =  io,  |p  | 

,  a 

=  3.955 

ReRa  xlO"^ 

T 

( f  Re ) , 

( f Re )  2 

(fRe)3 

(Nu), 

( Nu )  2 

(  Nu  )  3 

<  1.9885 

9.0 

9.0 

9.0 

8.235 

8.235 

8.235 

3.0 

9.026 

9.011 

9.019 

9.803 

8.258 

9.036 

5.0 

9.069 

9.028 

9.049 

11.16 

8.244 

9.717 

7.0 

9.108 

9.043 

9.076 

11  .89 

8.246 

10.09 

8.0 

9.126 

9.049 

9.088 

12.14 

8.250 

10.21 

9.0 

9 .142 

9.055 

9.099 

12.34 

8.254 

10.32 
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P r  =  100,  | y  |  -*  a  =  3.989 


ReRa  xlO"2 

T 

( f Re)  i 

(fRe)2 

(fRe)3 

(Nu)1 

( Nu )  2 

<Nu>3 

2.0332 

9  .0 

9.0 

9.0 

8.235 

8.235 

8.235 

3.0 

9.0 

9.0 

9.0 

9.747 

8.275 

9.013 

5.0 

9  .001 

9.0 

9  .001 

11.16 

8.272 

9.722 

7.0 

9  .001 

9  .001 

9.001 

11.90 

8.280 

10.10 

9.0 

9.002 

9.001 

9.001 

12.35 

8.284 

10.34 

10.0 

9.002 

9.001 

9.001 

12.47 

8.292 

10.40 

CHAPTER  VII 


GENERAL  CONCLUDING  REMARKS 


Boundary  vorticity  method  is  developed  for  the  nume¬ 
rical  solution  of  the  fully  developed  laminar  forced  convec¬ 
tion  heat  transfer  with  secondary  flow.  Mathematically, 
forced  convective  heat  transfer  problems  with  secondary  flow 
can  be  classified  into  two  categories.  When  the  critical 
characteristic  parameter  depicting  the  onset  of  secondary 
flow  is  zero,  the  problem  is  a  boundary-va 1 ue  problem.  If 
the  secondary  flow  appears  discretely  only  after  a  critical 
value  of  the  characteristic  parameter  is  reached,  then  the 
problem  is  an  eigenvalue  problem  for  thermal  instability. 

At  present  no  theoretical  method  of  solution  is 
available  for  the  whole  range  of  the  parameter  characterizing 
the  intensity  of  secondary  flow  for  the  boundary- va 1 ue  pro¬ 
blem.  The  reason  is  clear  from  the  consideration  of  the 
physical  situation.  For  the  characteristic  parameter  up  to 
intermediate  range,  the  viscosity  and  heat  conduction  are 
important  throughout  the  whole  region  of  the  channel  cross- 
section.  In  the  high  parameter  range,  the  viscosity  and  heat 
conduction  are  negligibly  small  in  the  core  region  which 
occupies  the  substantial  part  of  the  cross-section.  It  is 
noted  that  the  viscous  and  heat  conduction  terms  represent 
the  highest  order  terms  in  the  governing  equations.  By  its 
very  nature  the  perturbation  method  is  valid  only  for  the  very 
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small  parameter  region.  On  the  other  hand,  boundary-layer 
technique  is  an  approximate  method  and  is  valid  only  for 
the  high  parameter  range.  Besides  closing  the  gap  between 
the  perturbation  method  and  the  boundary-1 ayer  technique, 
the  numerical  solution  using  boundary  vorticity  method  is 
valid  up  to  a  reasonably  high  value  of  the  parameter  where 
the  asymptotic  behavior  for  flow  and  heat  transfer  results 
already  appears  and  further  results  for  the  high  parameter 
region  can  be  obtained  by  linear  extrapolation. 

In  general,  secondary  flows,  superposed  on  the  main 
axial  flow  in  a  tube,  are  found  to  increase  the  friction 
factor  and  heat  transfer  coefficient.  This  fact  can  be 
utilized  in  design  problems. 

As  an  application  of  the  boundary  vorticity  method 
to  the  bou ndary-val ue  problem,  the  important  practical  pro¬ 
blem  of  fully  developed  combined  free  and  forced  laminar 
convection  in  uniformly  heated  horizontal  tubes  is  solved 
numerically  and  the  results  are  compared  with  those  available 
in  the  literature. 

After  solving  the  thermal  instability  problem  for 
fully  developed  laminar  convection  between  two  infinite 
horizontal  plates  subjected  to  various  thermal  boundary 
conditions  with  consideration  also  for  Prandtl  number  effect, 
the  boundary  vorticity  method  and  its  modified  version  are 
applied  to  the  f  i  n  i  te ampl  i  tude  thermal  convection  in  the 
post-critical  regime  with  success. 
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Eventually  the  boundary  vorticity  method  diverges  at 
a  certain  high  value  of  the  character!' s  t  i  c  parameter  and  this 
is  believed  to  be  associated  with  the  change  of  the  physical 
character.  For  example,  for  the  bou ndary- va 1 ue  problem  at 
high  parameter,  the  viscous  and  conduction  terms  representing 
the  highest  order  terms  can  probably  be  neglected  in  the 
central  core  region  of  the  channel  and  yet  the  numerical 
scheme  is  still  based  on  the  elliptic  type  equation.  It 
appears  that  a  special  method  of  treating  the  viscous  and 
conduction  terms  must  be  developed  such  that  the  difference 
equations  remain  "well-behaved"  in  the  high  parameter  range 
in  order  to  overcome  the  difficulty. 

From  the  results  of  present  investigation,  the  follow¬ 
ing  general  conclusions  and  suggestions  for  future  work  may 
be  made: 

(1)  The  new  algorithm  for  the  numerical  determination 
of  the  boundary  vorticity  is  believed  to  be  sufficiently 
general  and  have  wide  applicability  to  various  forced  convec¬ 
tive  heat  transfer  problems  with  secondary  flow  caused  by 
various  body  forces.  The  algorithm  utilizes  the  Gaussian 
elimination  method  and  the  iterative  technique  by  linearizing 
the  nonlinear  terms.  The  method  eliminates  the  need  of  solv¬ 
ing  a  linearized  biharmonic  equation  involving  stream  func¬ 
tion.  The  numerical  solution  of  the  biharmonic  equation  in 
polar  coordinates  is  known  to  converge  very  slowly.  The 
method  has  the  advantage  of  solving  two  second  order  partial 
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differential  equations  instead  of  the  fourth  order  one. 

(2)  The  improved  or  modified  method  discussed  in  the 
last  section  of  Chapter  II  is  utilized  in  Chapter  VI  for  the 
cases  of  |  y  |  f  0  and  |y|  •*  <».  The  modified  method  is  shown 
to  be  more  efficient  than  the  boundary  vorticity  method  at 
least  for  the  problem  treated.  It  can  be  stated  that  the 
computing  time  required  by  the  non-steady  state  solution 
method  employed  by  Samuels  and  Churchill  [6.6]  in  obtaining 
the  steady  state  solution  is  much  longer  than  the  direct 
steady  state  solution  method  employed  in  this  investigation. 

It  is  believed  that  the  non-steady  state  solution  method  may 
be  applied  only  for  the  transient  problems  in  view  of  the 
availability  of  the  boundary  vorticity  method. 

(3)  The  variation  of  wave  number  with  the  characteris¬ 
tic  parameter  for  fully  developed  laminar  forced  convection 

in  the  post-critical  regime  between  two  infinite  horizontal 
plates  needs  further  investigation.  It  is  suggested  that  the 
wave  number  for  the  vortex  roll  may  not  be  determined  by 
consideration  in  the  fully  developed  region  alone.  It  is 
expected  that  secondary  flow  is  already  formed  somewhere  in 
the  thermal  entrance  region.  The  pitch  of  the  vortex  roll 
in  the  entrance  region  may  remain  constant  and  only  the  inten¬ 
sity  of  the  secondary  flow  increases  along  the  main  flow 
direction  up  to  the  point  where  the  fully  developed  condition 
prevails.  From  the  physical  reasoning,  there  is  no  reason  to 
expect  that  the  size  and  structure  of  the  vortex  roll  should 
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be  determined  in  the  fully  developed  region  alone.  In  this 
connection,  the  present  experimental  facilities  for  thermal 
instability  in  plane  Poiseuille  flow  are  believed  to  be  cap¬ 
able  of  shedding  some  light  on  the  above  speculation  about 
the  wave  number  variation. 

(4)  If  the  speculation  stated  in  (3)  proves  to  be 
true,  then  the  thermal  instability  problem  in  the  thermal 
entrance  region  is  of  considerable  practical  importance. 

The  above  observation  also  reveals  that  another  series  of 
thermal  instability  problems  for  external  flow  such  as  Blasius 
problem  involving  longitudinal  vortex  rolls  may  exist. 

(5)  The  observation  of  the  asymptotic  behavior  in 
flow  and  heat  transfer  results  for  Prandtl  number  effect  is 
noteworthy  and  significant.  For  example,  by  using  a  suitable 
parameter  the  heat  transfer  results  for  the  two  secondary 
flow  problems  studied  in  this  thesis  can  be  correlated  such 
that  the  results  for  a  Prandtl  number  of  order  one  already 
approach  the  asymptotic  results  for  Pr  +  ».  It  is  to  be 
expected  that  the  asymptotic  behavior  for  Prandtl  number 
effect  exists  also  for  all  the  forced  convective  heat  trans¬ 
fer  problems  with  secondary  flow  regardless  of  the  source  of 
body  forces.  Furthermore,  for  large  Prandtl  number  fluids, 
the  inertia  terms  in  the  momentum  equations  can  be  neglected. 
This  leads  to  a  considerable  simplification  in  the  solution 
of  Graetz  problem  (thermal  entrance  problem)  with  significant 
buoyancy  effect.  The  asymptotic  behavior  for  Prandtl  number 
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effect  is  also  clearly  observed  in  neutral  stability  curves 
and  the  critical  wave  number  for  the  thermal  instability  pro¬ 
blem  in  plane  Poiseuille  flow. 

(6)  The  results  of  present  investigation  suggest 
that  forced  and/or  free  laminar  convection  from  heated  hori¬ 
zontal  cylinders  or  spheres  may  be  solved  numerically  by 
transforming  the  external  region  into  a  unit  circle  without 
using  the  usual  boundary-layer  approximation.  However,  this 
possibility  remains  to  be  explored  in  future. 

(7)  Besides  the  laminar  convection  problems  with 
secondary  flow,  the  boundary  vorticity  method  can  be  applied 
to  biharmonic  boundary-value  problems  in  solid  mechanics. 

This  possibility  will  provide  a  new  alternative  approach  to 
the  numerical  solution  of  a  class  of  engineering  problems  in 
solid  mechanics  governed  by  biharmonic  equation. 

(8)  The  methods  used  in  this  thesis  can  also  be 
applied  to  mass  transfer  and  chemical  reaction  phenomena  where 
the  secondary  flow  arises  due  to  the  body  forces  acting  in 

the  cross  section  normal  to  the  main  flow. 


- 
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***LTST  OF  FORTRAN  TV  P  R  H  0  R  A  M  .M fNG* *  * 


PROGRAMS  c CR  THF  PROBLEMS  STUDIED  IN  CHAPTERS  HMV  AND  VI 

•*'  IN  COL.  6:  THIS  LINE  IS  A  PART  OF  PREVIOUS  CARD 


XL _ 

C 

C  THIS  TS  A  PROGRAM  FOR  CHAP.  Ill 

C _ COMBINED  CONVECTION  TN  HORI.  CIRCULAR  TUBES _ _ 

C 

C 

n[^Nc  ION  R133)  .PHI (33 ). ZA (33 ZB ( 33 f ,ZC( 331. AA( 33 >.BB 
*  (331* 

ICC  133 ) , OF (33,33 ) ,W (33 ,3  3} ,  T  ( 33 , 33 5 , VO { 33,33) ,S(  33,33), 
*  U  (  3  3 , 3  3  )  , 


2  V  (  3  3,33)  ,  A  (  33,33)  »B(33»33)  , COB, 33)  ,AP(33,33)  ,BP(33,33 
*  )  , 

2CP (  23  ,  33)  ,WP2  (  3  3,33  5  ,RCT(  13,33  ) 


COM MON  M I , M , M 1, N I , N, N 1 , OMF 1 ,GME2 , 0ME3 , HI , H I ? ,H J , H J2 , 

1  Z  A  ,  ZB  ,  ZC  ,  R  ,  PH  I 

COMMON  MT1 , MT  2 

C 

P  1  =  3. 1415927 

READ (5,60)  M,  MT1 ,MT2,MT3,ACC 

M:  NO.  OF  DIVS.  IN  R-DIR. 

c 

c 

c 

MT 1 :  NO.  OF  INNER  ITERATIONS  TN  SU8WT 

MT2:  NO.  OF  INNER  ITERATIONS  IN  SUBVS 

1 T  3  :  NO.  OF  OUTER  ITERATIONS 

r 

v  • 

ACC:  A  PRESCRIBED  ERROR 

READ!  5,60)  IP.EAD 

M I  =  M-  1 

M 1  =  M  + 1 

M  —  KM 

c 

IN  —  v) 

N:  NO.  OF  DIVS.  IN  PHI -DIR. 

NC- N/2 
NX  =  N- L 
Nl= N+l 


DO  2  1=1, Ml 
DO  2  J  =  l ,  N 1 
■ _ W(  I , J  )  =  Q  .0 

T ( I , J)=0„0 

vn (  i ,  j ) =o . o 

Si  I ,  J  )=0.0 


* 

. 


.  *  a  *  i ) 


?3  3 


_ U< I ,  J  )=0.0 _ 

2  VC  I , J  )=0.0 

IF (  TREAD. EQ.O  )  GC  TO  14 
C  READ  INITIAL  VALUES 

A0(5,56l  U  W  CI,J>, 1=1, M  1 , 2 ) , J= 1 , N 1 , 2 ) 
RE  AC  (5, 56)  (  (  T  ( I  ,  J  )  ,  1=1  ,  M  i  ,2  )  ,  J  =  l. ,  Ml ,  2) 

_ READ (5,56)  M VC ( I , J  )  ,  I =1,  Ml ,2 )  , J  =  1 , Ml , 2 ) 

RE  AO  (5, 56)  US  (I  ,  J  )  ,  1  =  1 ,  HI ,  2  )  ,  J  =  1 ,  N I »  2  ) 

REA  0(5,56)  UU  ( I ,  J  )  ,  1  =  1  ,  M 1 ,2  )  ,  J=  1 ,  Ml  ,  2  ) 

R  n  A  2  (  5 , 5  6  )  U V  (I,J),I=1,M1,2),J=1,N1,2) 
00  100  I=2tM,2 
11=1+1 

_ T  1=  1-1 _ 

DO  IOC  J=1,N1,2 

W  (  I , J ) =0 . 5* ( W  { I  1 t  J ) +  W  {  I  I  ,  J ) ) 

I  (  !,J)=0.5*(T  C I  1 , J ) +  T  {  1 1. J  )  ) 

V0t T , J)=0.5*{ VO ( II, JJ +V0{ II, J) ) 

S  (l,J)=0.5*(S  T 1 1 , J ) +S  C  1 1 ,  J ) ) 

_ U  (  I t  J ) =  0 . 5  *( U  (II , J) +U  (  IIiJ)  ) _ 

V  [  I , J ) =0 . 5*( V  ( 1 1 , J ) + V  III,))) 

100  CONTINUE 

DO  101  J=  2 ,  N , 2 
Ji=  J+l 
J  I  —  J  —  1 

_ DC  101  1  =  1, Ml _ 

W  (I,J)=0.5*(W  (I,Jl)+W  {  I  ,JI ) ) 

T  (  I  ,  J  )  =  0 . 5  M T  (  I ,  J  1 ) +T  {  I, JI  ) ) 

S  (  I ,  J)=0.5*< $  (  I , J  1 ) +S  (  I  ,  JI  )  ) 

u  (  t,j)=o.5*{  j  (it  m+u  (i, jin 

V  {  I ,  J )-0 . 5* ( V  (I,Jl)+V  (  T ,  J  I  )  ) 

_ VO  I  I , J ) =0 . 5* ( VO  < I , J 1) + VO (  I » J  I  ?  ) _ 

101  CONTINUE 

14  HI=1.0/M 
H I  2  =  H I  *  *  ? 

HJ#PI/N 

HJ2=HJ**2 

_ phi  m  =o.o _ 

DC  15  J=2,N1 

15  PHI  {  J)  =  PHI  (J-D+KJ 
R  {  1 )  =  C  .  0 

DEFINE  ELEMENTS  OF  MATRICES 
DC  1  1=2, M 

_ F ( I  )=P (  1-1  )+Hl _ 

ZA(I)=0.5*HI/R(I) 

Z8(T)  =  (HI/(R(I  )  *H  J  )  )**?. 

ZCC  n=H12/(RC  I  )  * H J  ) 

BBC  I  )  =2*1  1  .O+ZB (in 
CC ( I ) =1 . 0+Z A (  I  ) 

_ AA(  I  )  =  1 .0-ZA(  I  ) _ 

1  CONTINUE 
8B ( M 1 )  =  1 . 0 


* 

; 

IL  ,  : 

»  ) 

.C 

.  ' 

'  ,  r  1 


_ CC(M1)=0.0 _ 

on  2?  1=1 , M 
on  22  J  =  1 1 N 1 
22  DPI  I,  J)=4*HT2 

13  READC5,  50 )  PR ,RAC, GM Ei,  OM E 2 ,6 HE 3 
WRITE (6,50  )  PR, RAC,0ME1,QME2,0ME3 
_ PRHI=C.5*PP*HI _ 

IT-  I 
I  I T  - 1 

12  CONTINUE 
DO  1  1=2,  M 
DG  3  J  =  1 , N1 

_ A(  I  ,  J)=AA(  I )+0.5*HI*U( I  ,  J  ? _ 

BU  t  J  )  =  BB(  I  ) 

C(  I  , J )=CC ( T )-0.5*HI*U( I ,  J  ) 

3  C  0  N  T  *  N  *  J r- 
B( l ,1  )=4.0 

C( 1 , 1 )=1 .0—0 . 5*H I * V ( 1 , l ) 

c _ sol vf  rnR  axial  vel.  w _ 

CALL  SUBWTI 1.0, A,B,C, V,W,DF ) 
on  6  1=2, M 
on  6  J=  1. ,  N  1 

A  P {  I  ,  J  )  =  A  A  ( I ) +PRHI #U (  I, J) 

BP (  I , J)=BB(  I  ) 

_ CPI  I , J ) =CC  <  I ) -PRHI *U( I , J  1 _ 

6  CONTINUE 
B  P { l , 1 ) =4 . 0 

CP (  L,  1 )  =  1. O-PRH  I*VJ  1,1) 

oc  9  i=i, m 

00  9  J=l,Nl 

9  WR2  (  I  , J )  =  H  I?*W<  T  i  J  ) _ 

C  SOLVE  FOR  TEMPERATURE  T 

CALL  SUBWT ( PR , AP,8P ,CP, V,T  ,WR2 ) 

C  FIND  TEMP  .  G" ADS . 

CALL  SUBGTIRAC ,T,RCT) 

C  APPLY  BOUNDARY  VORTIC  TTY  METHOD  AND  SOLVE  FOR 

C _ VORTICITY  AND  STREAM  FUNCTION _ 

CALL  SUBVSI AA,BB,CC,A,B,C,RCT,VO,S,V) 

C  FIND  SECONDARY  FLOW  VEL.  COMPONENTS 

CALL  SUBUV ( S,U, V,ER 1QR ) 

WR ITE (6, 51 )  IT, ERROR 

IF( IT. GE.MT3.0R. ERROR. LE. ACC  )  GO  TO  10 

_ !  T  -  I T  + 1 _ 

GG  TO  12 

C  FIND  FRF  AND  NU 

10  CAL  L  FRENUCW,  T,RAC) 

I R I T E  C 6 ,52) 

WR ITE ( 6, 53  )  ( ( W  C  I , J  ) ,  != 1 , M  )  , J  =  l  ,N 1 ) 

_ WR  ITE  (6,54  ) _ _ _ 

WRITE (6, 53  )  {  (T( T  ,  J  )  ,  1  =  1, M)  , J  =  1 ,M1 ) 

W  R  I  T  r  I  6 , 5  5  ) 

WR  ITE  (6, 53  )  (tVQU,  J).I°2tMl)t  J=1  ,Nl  ) 


1 

' )  lit  ) 


♦  ' 

=  d  ,n<  i 


<  t  ' 


, 


, 

, 


2  40 


- MR  I  TE ( 6  «  53  1  (( S ( I , J ) , 1  =  2  «  M 1 )  ,  J= 1 , N 1 ) _ 

WR I TE ( 6, 53  )  ( ( U (  I , J  ) ,  I  =  1 , M  )  , J= 1 , N 1 ) 

WR I TE ( 6 , 5 3  )  (  {  V  {  I  ,  J  }  , I  =  1 ,  M  ) *  J  = 1 ,  N 1  ) 

WRI te { 7 , 56  )  { ( W  (  I  , J) ,1  =  1 , J=ltNl ,2) 

WRITE (7,56)  (IT  ( I , J ) , I  =  1 , M 1 , 2 ) , J  =  1 , N 1 , 2 ) 

WRI TE (7,56)  { { V0( I , J ) , 1=1 , Ml ,2 ) , J=l ,N1 ,2) 

- Mi?  ITS  (7, 56?  (  (  S  (I  ,  J  ?  ,  1  =  1,  Ml,  2)  *  J  =  1,N1  ,2) _ 

WRITE (7, 56)  ( (U  ( I  ,  J  ) ,  1= 1  , Ml , 2 ) , J  =  1 , N 1 , 2 ) 

WRITE (7 ,56)  ({V  (I  »  J }  ,1=1  ,  Ml , 2 )  » J=1 , N1  ,2) 

GO  Tn  13 

5  )  FORMAT (5EIC.2 ) 

'51  FORMAT! 5X, 3HIT=  ,  I4,5X  ,6HERR0R=, 610.3) 

52  FORMAT <5X,5HWWWWWt5Xt 8HI=1  TO  M , 5 X, 9HJ  =  1 ,  NC , N 1 ) 

53  FORMAT (10613*4) 

54  FOR MAT ( 5X , 5HTTT TT , 5X , 3H I =  1  TO  M , 5 X , 9H J  = 1 , NC , N 1 ) 

55  FORMAT I5X«  5HSSSSS. 5X*  9HI  =  2  TO  Ml,5X,9HJ=l  TO  N 1 ) 

56  FORMAT? 2QA4) 

60  F0RMAT(4I5,E10.2) 

END 


' 

,  1 

, ' 
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C  A  SUBROUTINE  FOR  SOLVING  W  AND  T 

C 

SUBROUT  INJE  SJJBM T  ( PR  *  A  ,  B  ,  C  ,  V ,  F  ,  DF  ) 

DIMENSION  A {33 ,33 ) ,  B(  33 f 3  3 ) ,C (33, 33 ) , V (*1, 33  > , F < 33f 33) 

*  » 

_ IDF (  33 , 33  ) , Z A  C  33  )  «  2  B ( 33 ) , ZC { 3  3 ) , H ( 33 , 33) ,HP( 33,33? , PZV( 

*  33,33 ), 

2FK( 33 ) ,P( 33) , Y{ 200) ,R(33) , PHI (33) 

COMMON  MI , M,M1, N  I  , N , Ml , OH r  1 , 0ME2 , 0MF3 , FT ,HI ?, HJ ,HJ2, 

1 Z A , ZB, ZCfR , PH  I 
CCMMCN  MT1,MT2 

_ CMFGA=GME? _ 

I F ( PR  ,GT »  0 • 8 )  OMEGA=OMF l 
I  M=  2 

DO  L  J - l , N 1 
IF(  J.NE.U  IM=3 
I M I = I M-l 

_ H( I  MI ,J )=C (  IMI, J  )/B( IMf , J  ) _ 

DO  1I=IM,M 

HP (  I , J )  =  B(  I , J  ) -A (  I , J ) *H { I - 1 , J  } 

1  H(I»J?=CCItJ) /HP( I , J ) 
or:  3  i=2 »  m 

no  5  J=2»N 

5  PZV(  I  ,  J)=PF.*ZC(  I  )*V( I  « J  ?*0.5 _ 

I  T=  1 
15  J=1 
SF-Q.Q 
SD-0.0 
I  M=2 

_ FK  (  1  )  =  2*F  (  2 ,  N  /?,  4-  j  )  f  OF  { 1  ,  1  )  ■»  (  PR*0 . 5*H  I  *  V  ( 1 ,  1  ?  +1 . 0  )  *F  (  2  , 

*  N 1 ) 

DO  2  1=2, M 

2  FK(I^2*ZB(I)*F(I,2KDF{M) 

GO  3 

12  FK(2)=A(2»Nl)*F(I,  I ) +2*Z8 ( 2 ) *F( 2, N) +0F(2,N1 ) 

_ DO  4  1  =  3, M _ 

4  FKm  =  2*ZB(I)*F(  I,N  )+DF(I,Nl) 

GO  TO  3 
11  DO  6  T  =  2, 

FK  {  I  )=( ZBI I  )+PZV(  It J) }*F{  [  , J-l H-(ZB(I l-PZVC It J) ) *F{ I ,J 

*  +1  ) +DF (  I , J ) 

_ TF(  I  .CT,2)  GO  TO  6 _ 

FK { 2  )  =  FK( 2  )  +A (2 , J )*F( 1,1) 

6  CONTINUE 

3  IF(.).NF.l)  IM=3 
I MI = I M-l 

P(  IMI ) =FK { IMI 

_ DO  9  T  =  I M , M  _ 

9  P( I)=(FK( I )+A( I , J) *P< 1-1) )/HP( I, J ) 

FN=  P ( w  ) 

DI=CMEGA*( FN-F( M, J ) ) 


,  ' 


,  '  >•  '  '  .  : 


0.  - 


!  ,  ; 
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F(M, J)=F(M, J) +0  I _ 

SF=  A  B  S I F( M,  J  )  )  +  SF 
SD=ABS( DI ) +SD 
i  -  n  i 

10  FN  =  P(  I  )+H(  I  ,J  )*FN 
DI  =  a,MFGA*<  FN-F(  I,  J  )  ) 

F(  T  t  J)  =  F(  I  i  J  I  4-DI _ 

SF=SF+ABS ( F { I t J ) ) 

SD=S04ABS ( DI ) 

IFJLI_.1E.IMI  1  GO  T0  20 
1=1-1 
GG  TO  10 

20  J  =  J  +  1 _ 

IF(J-Nl)  11,12,13 

13  ERR=SD/5F 

IF(  ERR. Li ^  1E-5.QR*  1T.GE.MTDG0  JO  14 
T  T= T T  +  1 
GO  TO  15 

14  CONTINUE _ 

DC-  16  J  =2  ,  N 1 
16  F {  1  ,  J  )  =  F ( 1  ,1) 

RETURN 

END 


JL  • .  ) 


-l.  . 


' 

. 
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C  A  SUBROUTINE  FOR  FINDING  TEMP  *  GRADS. 

C 

SUBROUT  INE  SUBGKRAC  ,  T,  RCT  ) 

DIMENSION  r  (33,33)  ,  RCT (33 , 33  ) ,  ZA<  33 )  ,  Z  B(  33  )  »  ZC  (  33)  ,  R  (  3 

*  3  )  , 

_ IP  HI  (33),  T”  (3.3,33  I.T-PH  1  (  33. 33) _ 

COMMON  MI , M , M 1 , N I , N , N 1 , OMF I , OME2 , OME3 , hi , HI  2 , HJ , HJ 2 , 
l 7 A, 7B,ZC,R,PH I 
COMMON  MT 1 , M T 2 
H fP=H 1*12 
HJP=HJ*12 

_ DO  6  J  =  2 . N  1 _ 

6  T(1,J)=T( 1,1) 

DO  1  J  =2  ,  N 

TR( 2, J)  =  < T ( 5* J  1-6*1 (  4, J ) + I 8*JJ  3, J )-lO*T( 2, J ) - 3* T (  I ,1  )  ) 

*  /HIP 

1  TRIM, J)=-(T(M-3f J)-6*T(M-2, J)+18*T(MI , J ) -10*T( M , J ) ) /H I 

_ *  p  _ 

DO  2  I =3, MI 
DO  2  J  =  2 » N 

2  TR(lAJ»*CTf  I“2«  J)-8*TII-1«  J?+8*T(  1+1 « J  )-T ( 1+2. J H /HI P 
nr  3  1  =  2,  M 

TPHIC T , 2) =  ( T ( I ,5 ) - 6 ♦ T ( I , 4)+18*T( 1,3)- 1Q*T< I ,2)-3*T ( I , 
_ 5 _ l)  ?/HJP _ 

3  TPHI (  I  ,N)=-(T{ I f N-3)-6*T< I , N-2 ) +  18*T<  I  ,N-1 ) 
l-IO*T ( I ,N)-3*T(  I , N 1 )  ) / H J P 

DO  4  T “ 2 , M 
DO  4  J=3,NI 

4  TPHI ( I , J )  =  ( T(  I, J-2  )-8*T (I , J- 1 ) +  8*T(  I, J+l)-T( I, J+2) ) /HJ 


DO  5  1=2, M 
DC  5  J  =  2  »  N 

3  RCT  (  I  ,  J  )  =RAC*  (TR  ( I  ,  J  L*S  I  N ( PH I<  J ) ) +T  PH I  U  » J )  *C0$  (PHI  (  J  ) 

*  ) 

1/R  f  I  )  )  *H I  2 
RETURN 


END 


t  ( 

T  t(  L  ^ 


C  A  SUBROUTINE  FOR  SOLVING  VO.  AND  STREAM  FUNCTION 

(AN  APPLICATION  OF  BOUNDARY  VORTICITY  METHOD) 

C 

SUBROUTINE  SU  3  V  S  {  A  A  ,  8B,  CC  ,  A  ,  B  ,  C  , RC T  f  VO  , S  , V  ) 

DIMENSION  AA( 33 ) ,83(33) ,CC ( 33 ) , A{ 33,33 ) ,8(33,33 ) ,C ( 33, 

*  33), _ 

1RCT ( 33  ,33) , VO (3 3, 3 3 ) , S(33 ,33) , ZAC  33) ,ZB(33) ,2C(33) , 

2R ( 3  3 )  , P  H 1(33) , H ( 33 , 33 ) , HP ( 33 ,33 )  ,HH(33) ,HHP(33) ,FKK(33 

*  )  , 

17 V (  33 «  13 )  ,FK(  13  )  ,P (  3  3  )  , PP ( 3? )  , VOP( n  3,3  > ,SP( 3  3 ,3 ) , V(3 1 , 

*  33  ) 

_ COMMON  MI , w , M  1 , N  1 , N , N 1 , QM  E 1 , OM E 2 , DM E3 , F I ,  H  I  ? ,  H  J  .  H  J  2  , 

1 7.  A  ,  ZB,7Cf  R,PHI 
COMMON  MT 1 , MT2 
QO  1  J=2 , N 
HC  3  ,  J  )  =C  (  2  ,  J  )  / B  (2,1) 

DO  2  1=3, M 

_ HP( I , J)  =  B(  I,J )-A( I, J)*H< I -I, J) _ 

2  H( I  ,  J  )=C(  I  , J ) /HP ( I , J ) 

HH(2)=CC(2)/B8(2) 

DO  31  1=3, Ml 

i ! H D  (  T  )  =  SB  (  T 1  -A A  (  I  )  -Hi !  (  T  -  I  ) 

3  1  FH  (  T  )  -  CCA  T  )/HHP  (  I  ) 

1  CONTINUE _ 

DO  32  1=2, M 
DC  32  J=2 , N 

32  ZV(  I  ,  J)=ZC( I)»V(I,  I  )  *3.3 
IT-  L 

19  S0=0 . C 

_ SS=0.C _ 

DO  3  J  =  ?  ,  N 
DO  4  1=2, MI 

FK(  !)=<  ZB (  I )  +  ZV(  I, J) ) *vn ( I ,J-1>  tCZBlll -ZV (  I, J) ) * V Q { T , J 

*  +  1 ) -RCT ( It j  \ 

4  CONTINUE 

_ P(2)=FK(2) /B( 2, J) _ 

DO  7  1=3, MI 

7  P U )  =  ( FK(  I  )  +  A( I  ,  J)*P(  1-1 )  ) /HP (  I , J ) 

K  =  0 

VOP (Ml, 1)=0.0 
16  K=K+ 1 

_ FK  (  M  )=(  ZB  (M)  4-ZV  (  M,  J  )  )  *70  (  M  ,  J-l )  »  (  7  8  (  M )  -Z  V  (  M  ,  J  )  )  *VQ(M,  J 

*  +  l  ) 

1  +  C ( M , J ) *V0P ( Ml , K ) -RCT ( M , J ) 

9  P  C M  )  =  C FK( M ) +A{ M , J ) *£ ( M I ) ) /HP ( M ,  J ) 

V  G  P  (  M  ,  K  )  =  P  (  M  ) 

DO  11  I  I  =?, MI 

_ I  =  M  l  -  I  I _ _ _ 

11  VOP (  I ,  K )=P< I ) +H ( I, J ) *VOP(  T  +  l , K ) 

DO  33  I =2 , M 

3  3  FKK  (  I  )  =  ZS  (  I  l*  (  S  (  I ,  J-  l  )  +  S(  I  ,  J±1 )  )-VOP(  T  iKj*HI2 


•  * 

.  ,  %  *  , '  ’ 


i  r-’  t  1 
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_ EJ£K(Ml)=-VQP(Ml,K)*HT2/2 _ 

PP< 2  )  =  FKK( 2  )/3R (2) 
on  12  1=3, Ml 

12  PP(  I  )  =  { F KK ( T ) +A A ( I ) * P P (  I~1 )  )/HHP( T) 

5  P  (  V 1  ,  K  }  -  P  P  (  M  1  ) 

IFIK-2)  13,14,15 

13  V  C  P ( *H  , 2 )  =  - 1 Q  0 _ 

GO  TO  16 

14  VGP  (Ml  »3)=100*SP(Ml, 1)/(SP(M1,2 )-$P(Ml,l ) ) 
GO  TO  16 

1 5  PC  17  TI=l,'M 
T  =M1-I T 

17  SP(  I  t  3  )  =  P  p  (  I  )4Hh(  I  )  *SP(  Hl,3) _ 

S(Ml,  J)  =  SP (Ml ,3 ) 

VO( Ml, J)=VGP(M1 ,3) 

QO  3  1=2, M 
V  0 (  I  , J)=VCP(  1,3) 

0I  =  CME3*(SPU  , 3 ) -S (  I, J)  ) 

_ SU,J)  =  S(I,J)+OI _ 

S  5  =  S  S  +  A  Q  S  (  S  (  I  ,  J  )  ) 

3  SO=5D+ABS( ni) 

cpp=sn/ss 

I F ( ERR  *  LE* 1 E~  5  *  OR* I T»  GE  *  MT2 ) GO  to  18 
I T=  T  T  + 1 

GC  TO  19 _ 

18  CONTINUE 
RETURN 

_ END 


r , 


,  I 
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C  A  SUBROUTINE  FOR  FINDING  U  AND  V  FROM  STREAM  FUNCTION 

C 

SUBROUTINE  SU.BUV(S,U, V, FRP ) 

DI PENSION  5(33,33) ,1)1 33,33 ) ,V( 33,33 ) ,UU( 33,33) ,VV( 33, 3 
*  3  )  , 

_ IZA( 33) , ZB( 33) ,ZC (33  ), R (33  )  ,PHI ( 33  ) _ 

COM  MON  MI , M, Ml , NI , N , N 1 , ONE1 , GME2 , OME3 , HI , HI  2 , H J , HJ2  » 

17  A,  Z  B  » ZC  ,  R  ,  PH  I 
GCMMCN  MT1,MT2 
OQ  1  1=3, M 
RH6=R(I)*HJ*6 

_ RH12=RH6»2 _ 

UU(  I  ,1  )  =  (  8  *  S '(  I  ,  2  )  -  S  ( I  ,35  ) /RH6 

UU (  1 ,21— { —  S(  I  ,2  )  +  3  ^  S  (  1 , 3 ) - S ( I ,4) ) / R H 1 2 

UU( I ,N1 ) =  t  S  U , N I>-8*S ( I , H 1 1/RH6 

UUC  I,N)=( S{ I, N-2 )-3*S ( I , N I ) +  S ( I , N ) ) / R H 1 2 

DC  1  J=3,NI 

1  UU(  I  ,  J)=(  S  (I  t  J-2  )-S»S  (I  ,  J-l  )+3*S(  I  ,  J  +  l  )-S(  I  ,  J+2  )  )  /PHI  2 

H 1 1 2  =  H I *1 2 
DC  2  J=2 , N 

VVt 2, J)=t 1 0 * S ( 2  ,J)-1S*S(3, J)+6*S<4, J)-S(5f J) I/HI12 
VVf v, J )  =  ( S (M-3, J )-6*SCM-2, J j+18*StM-l , J)-10*5t M, J) ) /HI 
4  12 

_ DO  2  1=3 . MI _ 

2  VV( I  ,  J)=< S( 1  +  2, J  )- 8*S ( I +1 ,  J)+8*S( 1-1 , J)-S( 1-2, J) ) /HI  12 
VVt  1, l)  =  t  S( 3,N/2  +  l)-8*St2,N/2  +  l ) )/ t6*HI)*(-l) 

fiQ  4  J  =  1 ,  N  ! 

UOt 1 , J  )  =  0.0 

4  VV(  1  , J ) =  VV ( 1,1) 

_ DO  5  1=2, M _ 

VV (  1,1)  =0.0 

5  V  V(  I  ,  Nl  )  =0 . 0 

p  o = q  .  e 

SUV=0.0 
DC  3  1=1, M 

_ DO  3  J= 1 , N 1 _ 

DlJ=UUt  I ,  J  )-U(  l,  J  ) 

DV  =  VV ( I , J ) -V ( I , J ) 

S  D  ~  R  C  +  A  B  S  {  D  U  )  +  A  B  S  (  D  V  ) 

SUV=SUV  +  ABS (UU (  I, J )  )+ABS( VV(  I, J  )  ) 

U(  I  ,  J  )  =UU ( I  ,J ) 

3  V ( I «  J  )  =VV (  I  ,  J  ) _ 

ERR=SC/SUV 

RETURN 

END 


t  *  *  •  *  .  ! r  .  * 

<  t 

-it :  i 

i  '  .  ■  -  i  *  \  ■  (  t 
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C  A  SUBROUTINE  FOR  EVALUATING  ERE  AND  NU 

C 

SUBRCUT INE  FRENU(W,T, RAC) 

Dr AL  MGT ,MGW , MNTyHWyNU l ,NU2 

DIMENSION  W (33,33) ,1(33,33  ),GT(33) , GW ( 33) »WTP(33),WP<  3 

*  3  )  » _ 

1 Z A ( 33 ) , ZB ( 33 ) , Z  C <  33 ) , R <  33 ) , PH  H  3 3 ) 

COM  NON  MI , M , Ml , N I , N , N1 , OME 1 , GME2 , OME3 , HI , HI  2 , H J , HJ  2 , 

1.7.  A  ,  ZB  »  ZC»R  ,  PH  I 
COMMON  MT 1 ,  MT  2 
P!  =  3. 1415927 

_ DC  I  J~1.N1 _ 

GT ( J  )=-(!( M— 3 , J  }  / 4-4*T { M-2 ,  J ) /3+3*T(M- 1 ,  J  )-4*T(  M,  J  )  )  /H 

*  T 

L  CM  J  )  =-(  W(  M-3  ,  J  )  /jfc-4*Hl  M ~2t  41  £3+3*WLM-  l  ,..I)-4*W  (  M ,  J  )  )  /  H 

*  I 

MGT=GT ( 1 )+GT( N1 ) 

_ MGW=G W  (  1  )  +  GW(  N1  ) _ 

DC  2  J  =  2 ,  N  ,  2 
MGT=MGT+GT (  J  )  *4 
MG W=MGH+GW( J)*4 

2  CONTINUE 

DO  3  J  =  3 ,  N  I  ,  2 

_ MGT=MGt+GT(J)*2 _ 

3  MGW=WGW+GW I J ) *2 
MGT=HJ*MGT/3*1 . 0/P  I 
MGW=HJ*MGM/3*1. 0/P l 
DO  4  1=2, M 

WTP(  I)=W<  I,i)*TU*l)+W<  I,N1)*T( I,N1) 

_ WP(  I)=W(  I.D^f  I,N1) _ 

DO  5  J  =  2  »  N  ,  2 

WTP  {  T  )  -WTP  (I) +W ( I , J ) *T (I , J  >*4 

5  HP (  I  )  =un {  T } +W f  I ,J ) *4 
DO  6  J=3 ,  NI  ,2 

W  T  p { I )=WTP(I )+W( I t J)*T< I , J )*2 

6  wpi  n=wp(  i  )+w(  i  ,j)*2 _ 

WTP ( I  )=HJ*WTP ( T  )/3 

4  WPf  I  )  =  H  J  *  W  P  (  I ) / 3 
MW T =0.0 

MM*0.0 

^0  7  1=2, M, 2 

_ MWT=MWT+WTP (  I  )  *R  (  I  )  *4 _ 

7  MW=MW+WP ( T ) *R ( I ) *4 
on  3  1=3, MI, 2 

M  W T  =  M  WT  +  WT  P  (  I  >  * R .(  I  )  *2 

8  MW=MW+WP  ( I ) *R ( I  )  V:2 
MWT=H  I*MWT/3*2. O/PI 

_ MW=HI*MW/3*2.  O/PI _ _ 

FRE  1 -=4*  MOW /  MW 

NU1=2*MW*MGT/MWT 
FR£2~8. O/MW 


\  •  1 

r  .  •  !  !  <  ) '  <  !  1 

i 


IT  IT 


NU2  =  .MW**?/MWT _ 

RERA=2*MW*RAC 
WRITE {6, 53)  RERA 
WRITE(6,50) 

WRITE (6, 52 3  MGW » MGT T MW , MW T 
WRITE (6,51) 

WRITE <6. 52)  FRE  It FRE2.NU1 ,NU2 _ 

RETURN 

50  FORMAT ( 1X»30HTHESE  ARE  MOW,  MGT  9  MW  AND  MWT > 

1  FORMAT  UX,  22HFREI,  FRE2,  Ni  l  AND  NU2  ) 

2  FORMAT (4EL  5.5 ) 

53  FORMAT {  10X T 5HRERA= , El  5. 5 ) 

END 


. 
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£ _ _ _ 

C 

C  THIS  IS  A  PROGRAM  FOR  CHAP.  IV 

C  THERMAL  INSTABILITY 

C  C FOR  THE  NONLINEARITY  APPROACHING  IMF  I  NT TF  ONLY) 

C 

c _ 

DOUBLE  PRECISION  F (80) , P , U , A, R , PU , A2 , A4 , A6 , A8,BI 80,7) , 
1C1 ,C2,C3,C4( 30 ) ,C5(8C)  ,C6(80)  ,C7{80)  ,FK(4,  7)  ,C(4,4)  , 
ZEN  1 , FH2  «  P  t  HA  ,  QR  ,  D  A  (11) ,RA(1 1 )  ,SIR(11),AA  { 2JLJ  ,  R_T  1211m 
3 SIAyROyRI , D I 
F{ 1  )  =  1D0 

_ DO  6  1  =  1,54 _ 

6  F(T  +1  )=F{  I  )/( 1+  1) 

14  READ {5, 50)  P,A,RO 
READ! 5*51 1  MM, OR 
WR ITS ( 6,53)  P  »  A  # R 0 , OR ,  I  I 
C  PS  PR A  NOT  L  NO. 

C _ A;  WAVE  NO. _ 

C  RO:  INITIAL  RAYLEIGH  NO. 

€  OR:  INCREMENT  OF  RAYLEIGH  NO. 

C  M M :  NC .  OF  X p  R M S  IN  SERIES  F  X  PA  NS  I ON 

INA=1 

23  on  15  1 4=1 ,21 

_ R  =  R  0 _ 

A 2= **A 
A4  =  A2*A2 
A  6  =  A  2  *  A  4 
A  8= A 2 *A6 
on  i  i=i,7 

_ DG  1  J=1 , 7 _ 

IF! I.EQ.j )  GO  TO  2 
8 ( I , J  J=0 

gc  Tn  % 

2  B (  I  ,  J  )  =  100 
1  CONTINUE 

_ 8 (4,2)= 2* A 2 _ 

8(6 ,2)=3*A4 
Cl=4*42 
C  2  =  -  6  A  A 


19  00  16  I R  =  1  ,11 

C3=4*A6-0. 5*P*R*A2 _ 

MV  l  =  MM  +  8 
OG  4  M  =  2 »  M M 
F  v  1  -  ' '  ’  1  —  I  ) 

FM2*H*( M-i ) * ( H-2J 

C4( w  )=-A8+12*P*P*A2*( C. 5+M+A2/24+0*25*FMl )+6*R*A2 
C  5  (  T  )  =-i2*P*R»A2*(  M4H+PM2/6  ) -12  *A2*M*P. _ 

C  6 ( M) =— 3 *P*A4*R*FM1 
4  C7  (  M  )  =2 *p  *  A  4* R*  FM2 
N= 


,  , 


■ 


. 
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_ II  6 ( 8,N)=C1*B(6.N)+C2*B(4.N)+C3*B(2«N) _ 

B(9,N)=C1*B(7,N )+C2*8(5,N )+C3*B(  3,N  ) 

B { 1 0, M ) =C 1*B ( 8 ,  N ) +C2*8 t 6 , N ) +C 3*BC4, N ) +C4 (2 ) *BC  2 , N ) 

B< 1 1 »  N ) =C 1  *  B ( 9, N ) +C2*8( 7,N)+C3*B< 5,N)+C4( 3)«8{3,N)t 
1 C  5  C  3  )  *  B  {  2  ,  N  ) 
oo  5  V=4,MM 

r>  BM  +  3  ,  N  )  =  C  1*B (  M  +  6  ,  M  ?  »C2*B  <  ^44  t  N  )  +  C  T*B  (  R  +  2  ,  N  )  +C4  (  M  )  * 

I B  C M,N) +C5 { M)*S( M-l ,N) +C6(H ) *B{ M-2 *N ) +C 7<  M ) *B( M-3»N ) 

FK {  l , N ) =0D  0 
FK ( 2  »  N ) =  0 0 0 
F  K ( 3  »  N ) =000 
FK  (  4 »  N  )  =0D0 

_ 00  7  1=3, MM j _ 

FK { 1,M=FK(1,N)+F{ I )*e( I,N) 
FK(2,N)=FK(2,N)+F(I-i)*BU,N) 

F  (  1-4  )-A2  *2*F<  I-2)i»B(  I.  N  ) 

7  FK( 4 »  N ) =  F  K { 4 1  N ) MF( I-6)-3*A2*FC 1-4 ) +3 * A4 *F {  1-2)  )*H( I*N 

5 

_ IFIN.LT.3)  00  TO  3 _ 

IF<N.LT.5>  GO  TO  9 
IF(N.LT*7)  GO  TC  10 
GO  IQ  12 

8  N  =  .3 

GO  tq  u 

9  N  =  5 _ 

GO  TO  11 
10  N -7 

GO  TO  11 

C  FIND  ELEMENTS  OF  MATRIX 

12  C ( 1 , 1 )  =  0 .5  +  F ( 4 ) *8 ( 4 , 2 )+F<  6 } *B ( 6 , 2 ) +  FKC  1,2) 

_ C  ( 1 ,2  )  =  F(3 J+fKt 1,3  ? _ 

C(  1 ,3)=F( 5)+FK<  1,5) 

C ( l , 4 )  =  F ( 7  )  +FK (  1,7  ) 

C ( 2 , 1 )  =  1 ±F  n  >  *B (4 , 2 ) +  F { 5  5  * R ( 6 ,2 )  +  F  K  ( 2,2) 

C ( 2 , 2 1=0 .5+FK (2*3) 

C (2 ,3 )  =  F<4  )+FK{ 2,5  ) 

_ C{2,4)  =  F(6  )  +  P  K  (  2 , 7  ) _ 

C( 3, 1 )=-2*A2+3( 4, 2 )*{ 1-A2 ) +B ( 6 , 2 ) * { 0*  5 -A2/ 1 2 1 +FK  <  3 , 2 ) 
C{ 3, 2)=-2*A2+FK (3, 3) 

C ( 3 ,3l=l-A2/3+FKt3,5) 

C  {  3 , 4  )  =  F  {  3  )  -  A  2  /  6  0  +  F  K  (  3 , 7 ) 

C  (  4 , 1  )=3*A4+B(4,2)*(1.5*A4-3*A2  ) +8( 6, 2  )*( l- 1 .5* 

_ lA2+A4/8)+FK(4,2  ) _ _ _ 

C { 4,2 )  =  3*A4  +  FM 4, 3 ) 

C (4, 3  )=-3*A2  +  0„5*A4+FK(4,5) 

C  (  4 , 4  )  =  1  -0 . 5*  A2+A4/40+FKC  4«7) 

C  EVALUATE  TFF  DETERMINANT 

CALL  TRTM(4»C»0) 

_ 0 A  (  !R  )  =  D _ _ _ 

R  A  {  IR  )  =  R 

IF<  IR.EQ.l  )  GO  TO  3.7 
DI=DA( IR-1 ) 


(  , f ) ' 


' ,  1 

, 


(  >  uv '  ! 


( t  ♦  J  ' 

.  > 


(  f  .  ‘  1 
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R  T  =  R  A ( IR-1  1 

c 

17 

16 

ia 

SIR ( I R ) =DA { I R ) *C A (  IR-  1 ) 

I r  {  s  I R  C  I R  )  .LT.ODO)  GO  TO  18 

CHANGE  RAYLEIGH  NO. 

R  =  RA{  IRI+OR/I NR 

CONTINUE 

Ic  f  I  NR. GE.  1000000  1  GO  TO  20 

20 

R=R-DR/!NR 

INR= tNR*10 

GC  TO  1 9 

WRIlil 6 *52 )  a,r,d,ri,di 

A  A  (  T  A  )  =  A 

RT( TA )=R 

c 

21 

15 

I F <  IA.LE.2.0R.INA.GT. 10)  GO  TO  21 

S  I  A~  (  RT  {  I  A  )  -RT  (  IA-m*(RT(  IA-1)-RT{  IA—  2  }  ) 

IF  ( SIA.LE.GDO)  GO  TG  22 

CHANGE  WAVE  NO. 

A  =  A  +0 . 1 / IN  A 

CONTINUE 

22 

IF(  INA.GE.100)  GO  TO  14 

A=A-2*0 . 1/  IN A 

IN A -  I NA *10 

GO  TO  23 

50 

51 

FOR HAT {01 5. 2, 2015.4) 

E  0  F  Y  A  T { 5X  t  15,015.4 ) 

5  2 
5  3 

c  0  R  Y  A  T (5X»D15.5» 4020. 9) 

FOR  ^ AT ( 015.2,3015.4,15) 

,  ■  r  .  . 


. 


A  SUBROUTINE  FOR  EVALUATING  A  DETERMINANT 


SUBROUTINE  TE  I M ( IS  TIE f A, Y) 

DOUBLE  PRECIS  JON  A (4,4) , V 
DO  7  1  M -2, I  SIZE 

DO  71  I =M  «  I S I  7  r _ 

DO  71  J  =  V,  I  SIZE 
N=M  - 1 

1  A (  I  ,  J  )  = A {  I , J  )  -A ( I , M ) *  A { H , J }/A(N,N) 

y=no 

no  72  1  =  1, I  SI  ZE 

2  Y  =  Y*A (1,1) _ 

RETURN 

END 


. 

.  ’  T<  » 
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£ _ _ _ 

C 

C  THIS  IS  A  PROGRAM  FOR  CHAP.  VI 

C  riNITF  AMPLITUDE  CONVECTION 

C 

c 

_ DIMENSION  GU  (  4 1  )*GT{41)*iJ(41t41)«V(41i41)«W(4I.41  )  .  T  (  4 

*  1,41), 

1S(  41  ,41 }  ,V0(4l,41  )  ,  A  (41 ,41  )  ,  AA  (41,41)  ,C(41,4U  ,CC(41,4 

*  1  )  , 

20FC  41  Hi  I »  F  ic  41 ,41 )  ,  F2(  41 » 41 )  ,FFU4 1 , 411 ,FF2 (  41 ,41 )  , 
39S( 41 ) t HBS (41 ) ,  SMA1 (41 ) 

_ COMMON  B*  OMEGA. ROZ  Y2 » ROZY . OP? «  OZ . DY _ 

COMMON  MI,M,M1 
PI  =3. 14 L  593 

VH  5,50)  I  TO*  M* ACC* OMEGA 
READ 15, 51)  PR ,FMU,  RA,  A  1 , !  V.  1 , 1  M2 
READ! 5,50)  IREAD 

C _ ITO:  NO.  OF  OUTER  ITERATIONS _ 

C  M:  NO.  OF  DIVS.  IN  Y-  AND  Z-DIR. 

C  ACC:  A  PRESCRIBED  ERROR 

C  OMEGA :  RELAXATION  FACTOR 

C  PR:  PRANDTL  NO* 

C  FMU :  NONLINEARITY 

X _ RA:  RAYLEIGH  NO. _ 

C  Al:  toAVE  NO. 

M 1-M+  1 

V  |  -  M  -  I 

IF (  IREAC.FC.O  )  GO  TO  100 

RE AD ( 5 , 57 )  { C  U  ( J , K )  ,  J=1 , Ml  ,2 ) , K  =  1 , Ml , 2 ) 

C _ READ  INITIAL  VALUES _ 

READ (5,57)  ((V  CJ,K),J=1,M1,2),K=1,M1,2) 

READ!  5,57)  MW  (J,K),J=L,M1,2),  K-l ,  Ml ,  2 ) 

9  F A  C { 5 , 57  )  ((T  (J,K),J=1, Ml, ?),K=1, Ml, 2) 

REA0f5*571  US  (  J  »  K  )  ,  J  =  1  ,  Ml  1 2  )  ,  K—  1 ,  Ml ,  2 ) 

READ (5,57)  ( ( VO(J,K) , J=1,M1,2) ,K=1,M1,2) 

_ DO  10  1  K=2*M*2 _ 

K1=K+ 1 
K I  =  K  —  1 

DC  101  J= 1 , Ml , 2 

U  ( J,K) =0. 5*{ U  ( J , K 1 ) + U  (  J  ,  K I  )  ) 

V  ( J,K)=0.5*( V  (J,KI)+V  ( J  ,  K I ) ) 

_ W  (J,K)=0.5*(W  (J,K1)»W  ( J  ,  K  I  )  ) _ 

T  (J,KJ=0.5*(T  ( J  »  K 1 ) +  T  ( J , K  T )  ) 

S  (J,K)=0.5*(S  ( J , K 1 ) +  S  ( J , K I  ) ) 

VO  (  J  ,  K  )  =0 . 5*  (  VO  {  j  ,  K 1  )  +  VO  (  J  ,  K  I)  ) 

101  CONTINUE 

DO  102  J=  2 , M , 2 

_ J1=J+1 _ _ _ 

J 1= J- 1 

DC  102  K  = 1 , Ml 

0  ( J,K)-Q*5*(U  <J1*K)+U  ( J  I ,  K  )  ) 


,  ,f T  i 


p.'l 
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_ V  t  J , K ) =0 . p * ( V  {  J 1  ,  K  )  +  V  (  J  I ,  K  )  ) _ 

W  (JfK)=0-5*(W  ( J 1 »  K ) +  W  (JI,K)) 

T  (J,K)=0.5*(T  (JL,K)+T  ( J  T  ,  K ) ) 

S  (J,K)=0.5*<S  CJl,K)+$ 

VOC J,K)=0*5K VOC J1  ,K) +V0C JI t K )  J 
102  CONTINUE 

_ GC  TQ  3Q  _ 

ICO  continue 
no  i  i=i, mi 
m  1 1  i  l=o.o 
v  { T ,  i )  =  o .  o 
W  (  I  » 1 ) =0 . 0 

_ I  ( I ,  1  )=0.Q _ 

SI  1,1  )  =  0.0 
y G i  T  ,  1)=0.0 
MI  r  «hiwo«  o 
VII  ,HiNO.O 
M C  I  1 } =0 . 0 

_ T  ( I  , M 1 )=Q.O _ 

S  C  I  ,  M 1  )  =  0  •  0 
VD{  I,H1}  =  0.0 

v  ci, n =0.0 

S  {  1 .  I!  i  9  *  Q 
VQU,I)=0.0 

_ v  <Mi,n=Q.o _ 

S  I  Ml  ,n=0.0 
VOC  Ml , I }=0.0 

_ 1  CONTINUE 

C  INITIAL  DISTURBANCE 

CALL  DISK  5,U,T  ,PI  ,  A 1  3 

C _ FIND  SECONDARY  FLOW _ 

CALL  SUBVW ( V, W  »  S ) 

DD  Y  = { PI/ { A1*M)> ^*2 
noz  =  {  uo/^^2 
DC  31  K  =  2 , M 
Kl=K+L 

_ KT  =  K-1 _ 

DG  31  J  =  2  , M 

VOC  J  ,K)  =  ( S ( J+l, KK5  C  J-l ,K )~2*S { J,K)  ) /DDY+CS (J ,K1 K 
1S  C  J  ,K  I  )-?.*5C  J  ,  K  )  )  long 
31  CONTINUE 
30  CONTINUE 

_ MH-M/2 _ 

M 1 Q = M  /  4 
M3Q=3*M/4 
0  Y  =  P  1/ ( A1*M1 
07=1.0/ M 
DDY=DY5**2 
r  H  7  =  0  1  *  *  3 

DO  7  3  =  4*00  7.  /  DY 
074V=nZ/C 4^0Y ) 

RDZ Y=0  DZ/DDY 


.f 


,  •  > 


.  (I ,  ) 

'  , T  ) 

.  (  •  t  M 

?  I  »  1  )  r.v 

1,1)  v 

( 1 ,  f ) 


)V  '  r  I 
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_ PRD74V  =  PR»D?4Y _ 

PRUQZ=PR*FMU*DDZ 
PR2UDZ=PR**2*FMU*DDZ/ { DY*2 ) 

PRDOZ  =PR*DDZ / { D  Y*2 ) 

GRZ2Ys=RA*DDZ/  <2*PR  *~DY  ) 

RDZY2=2*RDZY 

_ B--2*< 1+RD7Y ) _ 

PC  2  K=2»M 
K  1  =  K  +  1 
KI=K-1 
F  K  I  =  K  T 
Z=FKI/NI 

_ C>U(K  )-DDZ8*(  1  .0-2*7  ) _ 

GT ( K  )=PR2UDZ* t8*Z**3/ 3-4*Z**2 +2 .0/3 ) +PRFOZ 

2  CONTINUE 

BS ( 2 ) - l . 0 / 0 
DO  21  K=B  t M 
HB  S { K )  =  0-8  S ( K- 1 ) 

21  BS ( K )  =  1 . 0/ H8S ( K  ) _ 

I  T  =  0 

9  CONTINUE 

C  DEFINE  ELEMENTS  CF  MATRICES 

DO  3  J-l, Ml 
on  3  K = 2  *  M 

_ HA=0Z4Y#W(J»K) _ 

HB=PRDZ4Y*W( J,K  ) 

C ( J , K ) = I .O-HA 
CC { J, K)=l .O-HB 
A ( I ,K )=1 .O+HA 
AA{ J,K )=1 • O+HB 

_ HA-nZ4V*V( J  »K  ) _ 

HB=PRDZ4Y*V( J ,K ) 

FI ( J , K  )  =  — HA-ROZY 
F2 ( J  >  Ki -HA-RDZY 
FF1CJ,K )=-HB-RD7Y 
FF2CJ,K)=HB-R0ZY 

_ 0F( J,K)=GU(K)*W( J,K) _ 

3  CONTINUE 
SIGN-1 

C  SOLVE  FOR  u 

CALL  SUBUT{A,G*FlfF2,UfDF,ERRl, SIGN) 

DO  7  J-l f Ml 

_ 00  T  K  =  2 , M _ 

DF(J,K)=PRUDZ*U(J*K)-W(JtK)*GT(K) 

7  CONTINUE 
SI 3N=-1 

C  SOLVE  FOR  T 

CALL  SUBUT (AA»CC»FF1,FF2*T »0F»ERR2»  SIGN) 

_ DO  II  1  =  2,  M _ 

JL=J+T 
JI=J-1 
DO  11  K=2 , M 


.  )  • 


) 


256 


_ n  DR  J,  K?=CRZ2V*t  T(J1  «K)-T(  JI,K)  ) _ 

C  SOLVE  FOR  VO.  AND  STREAM  FUN€TIGN 

C  FIND  FRF  AND  NU 

CALL  SUBVOS ( A,C ,F1 , F2 ,OF  , VO, S » 0S, HBS ) 

C  FIND  SECONDARY  FLOW 

CALL  SU9VW(V,W,S) 

_ I T=IT+1 _ _ _ 

HR  I TF (6,52)  I T, ERRl » ERR2 
I F (  IT  .GE. IIO.OR.ERR1.lt .ACC)  DO  TO  8 
GO  ^0  9 
8  CONTINUE 
VW MAX =0.0 

_ DO  61  J  =  1,M1. _ 

DQ  51  K=2,M 

HA= A8S (  V  (  J  ,  K3  )/DZ 

H&rMM Mi J»K3  )  / D Y 

VWM AX=AMAX1  ( VVMAX,HA,  HB ) 

41  VWMAX=VWMAX/2 

_ WRITE (6 ,58)  VWMAX _ 

WRITE (6, 53)  M  , ACC 

HR  I TF { 6 , 54 )  PR, F MU , RA , A 1 

C  A  L  L  PR  ENU  S(U,T,PR  ,F  MU ,  GT  ,  A  1 ,  S  B  5 

Ic(  IWl.MF.l  )  GO  TO  33 

WRITE (6,55)  ((U  (  J,K)  » K= 1  ,  Ml ) ,J=1,M1, M H ) 

_ WRI^F (6,55)  ( ( T  (J,K)  ,K  =  1,M1)  ,J=1,M1,MH) _ 

WRITE  (6, 55  )  ((U(J,K),J=1,M1)  ,K=M1Q, M3Q ,M1Q) 

WR  I  T£  (6,55)  {  (T{J|K)  ,  J=lifU)  ,K=M1Q  ,  M3  Q  ,  110  ) 

32  UEJLX W £ . OF . 1 )  30  T0  34 

WRITE (6*55 J  ( (U  ( J , K ) , J= 1 , Ml , 4 ) , K-l , M 1 , 4 ) 

WRITE (6,55  )  {  (T  ( J,K)  ,J=1 ,M1,4)  ,K  =  1,MI  ,4) 

_ WRITE  (6,55)  US  (  J  ,  K  )  ,  J=  1  ,  M  1 ,4  )  ,  K=  1 ,  HI  ,4 ) _ 

WRITE (6 ,55)  { t  V 0 { J  » K  3 ,J=1,M1,4) ,K=l,Ml,4) 

WRITE  (7 ,57)  (UJ  (  J  ,  K )  ,  J  =  1  ,  Ml  ,2  3  ,  K=1  ,  Ml  ,2  ) 

WRITE.  (^57.1  If  Y  ( J  tKl.tJ~.lt. Hit.  21 1 K=  i ,  M  1,2) 

WRITE  17* 57 J  (  ( w  (J,K)  »  J=  i  »  M1 ,  ?  ) , K-l »  Ml , 2) 

VIRILE  <7,5  7)  (  ( I  (  J,K)  ,J=1,M1,2)  ,K=1,M1,2) 

_ WRITE(7,57)  C  ( S  ( J , K ) , J=1 , Ml, 2 ) ,K= 1 , M 1 , ? ) _ 

WRITE (7,57)  ( (VQ{ J,K) ,J=1,M1,2) ,K=l,Ml,2) 

34  CONTINUE 
no  FORMAT 1215, 25 10*3) 

51  FORM ATf  2E10 . 3 ,2E15 . 7,21 5 1 

52  F 0 7 M A T  <  5 X , 3H  IT= , 15 , 5X , 7HERR0R S= , 2F 10. 3 ) 

53  FORMAT ( 5X, 13HNQ.  OF.  DTV.=,I3,5X,11 HPR E .  ERROR- , E  10. 3 ) 

54  FORMAT! 5 X , 3 H P R  =  ,E10.3,5X, 14HN0N-LI NEAR ITY= , FLO. 3, 

1 3 HR A= , E 1 5 . 7 , 9 HW A V E  NO.  =  E  15. 7) 

55  FORMAT ( 11E12.4) 

56  FOR  MAT ( 5  X , F 1 5 . 4 , 21 5) 

57  FORMAT ( 20 A4) 

58  F0PVAT(5X,6HMAXVW-£10.3) _ 

STOP 

END 


«  > 

. 


t ' 

.  1 


.  .  1  : 


.  '  . 
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c 

c 

A  SUBROUTINE  FOR  READING  IN  IT  I 

AL  DISTURBANCE 

SUBROUTINE  01  ST ( S , U. T * P I , A 1 ) 

DIMENSION  SOI  21 ) ,00(21)  ,10(21) 
1U ( 4  1 » 4 1 ) , T (41,41), $(41, 41) 
cor  MON  3*0 MEGA*  R D 7. Y 2  *  R 0 Z Y  ,DC7, 

,51(41) , U 1 ( 4 1 ) , Tl ( 4 l ) , 

07, DY 

COMMON  M I , M , M 1 

READ (5, 50)  (SO(K  )  ,K  =  1,20 ) 

RFAO( 5,50)  ( UO ( K )  ,K  =  t,20) 

REAC( 5,50) (TQ(K ) ,K=1,20) 

SO ( 21 ) =0 . 0 

U0( 211=0.0 

TO ( 21 )=0.0 

K=  1 

nr  1  KK=2 , 21 

5 

KKI=KK-1 

FM= KK I -K*20 • 0/M 

IF(FM)  1,3,3 

3 

FM 1 =1  .O-FM 

K  =  K  + 1 

Sl(  K)=FM*SO(KKI  )  +  FM.l*SO(KK) 

Ul( K)=FM*UQ(KKT  )+FMl*UD(KK ) 

Tl { K)=FM*T0(KKI ) +FM 1 *T0  ( KK ) 

TF( FM.GT.0.0)  GO  TO  5  

L 

CONTINUE 

00  2  J  =  2  »  M 

AY=.(  J-l  )  4 P  I  / M 

SA=-S IN ( AY ) / A  1 

CQ=-CCS ( AY ) 

00  2  K  =  2 , M 

S(J,K)=S1(K)*SA 

U( J ,K)=Ul(K)*CO*(-l) 

T ( J,K)=T1( K)*CO 

2  CONTINUE 

00  4  K=2,M 

U!1,K)=-U1(K)*(-1]  .  _ 

U(M1,K)=U1 (K)*(-l) 

T ( 1  ,  K ) =— Tl ( K ) 

T(M1,K)=T1 (K) 

4 

50 

CONTINUE 

RETURN 

FORMAT ( 20 A4 ) 

END 


)  IT 


?58 


C  A  SUBROUTINE  FOR  SOLVING  U  AND  T 

C 

SUBROUTINE  SUBUT{A,C,Fl  ,fZ, F , OF , ERROR ,  SIGN) 

DIMENSION  A { 4 1 » 41 } »  C  (  4  i  » 4  I  )  t  F  ]  (  4 1  *  4  1  ) »  F2  {  4 1  *4 1 ) »  F ( 41 » 4 

*  I  )  i 

_ IDF  I  A  1,41) ,0(41)  tBP(41),Q(41  ) _ 

CO M MO N  B  t  OM EG  A , R DZ  Y 2  » R OZ  v , DDZ  »  DZ  »  DY 
COMMON  M I  ,  M ,  Mi 

S  F  0  -  0  jo 
S  F  =  0 . 0 

_ DO  l  J-UM1 _ 

IFIJ.EQ.I)  GO  TO  2 
IF  I J.EQ.M1 )  GO  TO  3 
J  T  =  J- 1 
Jl  = J+l 
DC  4  K=2*M 

4  n(K)=ri(J,K)*F(JI,KUF2(-),K)*F(Jl,K)+DF(J,K) _ 

GO  TO  5 

2  DC  6  K  =2  f M 

6  DfK>=-ftDZY2*F(2«K)+PF(l»K? 

GO  Tn  S 

3  DO  7  K=2,M 

7  D { K  )  =  -RPZY ?$F ( M  »K)  frQF ( M  1 »  K  ) _ 

5  CONTINUE 

BP ( 2 ) =C  C  J  »  2 ) /8 
0  {  2  )  =  D  (  2  )  /  B 
DC  3  K«3,MI 
KI-K-1 

_ HA=8-A(JtK )*BP( KI) _ 

BP(K)=C(JtK)/HA 

8  Q { K )  =  <  D  <  K 1 -A ( J , K ) *Q { K I ) ) /HA 

FN=  (D(M)-A(J,  v)  1Q1M  )  I  /  C  B— A  {  )  ) 

FQeFN-FC J* M ) 

SFD  =  SFD+AB  S( FD) 

_ SF=SF+ABS< FN) _ 

F( J  ,M)  =  F{ J , M) +0MEGA4FC 
DO  1  IKK =2  *  M I 
K  =  ‘i  1  -  KK 

PN-Qt «)-BP(K)*FN 
FD=FN-F( j ,K) 

_ SFD=SFD+ABS(FDj _ _ 

SF= SF+ABS { FN) 

F {  J  ,K)=F{ J  ,K) +0*EGA*FC 
II  CONTINUE 
1  CONTINUE 
ERROR=SFD/SF 
RETURN 


END 


'  .  '  l  ' 

, 
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C  A  SUBROUTINE  FOR  SOLVING  VO.  AMD  STREAM  FUNCTION 

C  AN  IMPROVED  (MODIFIED)  ITERATIVE  SCHFMF 

C 

SUBROUTINE  SUB VOS ( A  ,  C  *  F 1 ,  F 2 , GTY , VO ,S,R$,HHS ) 

DIMENS  ION  A ( 4 1 , 4 1 )  , C ( 4 1 , 4 1) ,  F l  (  A  1 ,  4 1 )  , F2 ( 4 1 , 4 1 )  , 

- LQTy  (A  l  ,41  )  ,V0(41,41  ),  S  (  4  l  ,  4  1 )  ,8S(4l)  ,H3S(41  KTV0(41  )  . 

2  B  V  0 ( 4 1 )  ,TS (41  ) , FA( 41 ) ,DVO( 41  )  , DS (41 ) , Q S ( 41 ) ,QV0<41 ) 
COMMON  3, OMEGA, RDZY2 ,RDZY ,DDZ , DZ,D¥ 

C CM HON  y I , M , 0 1 
T  S ( 1 ) =0 . 0 
TS(M1)=0.0 

_ DO  2  J  =  2,M _ 

JI=J-1 
J1=J+1 
DC  16  K=2,M 

l 6  OS ( K ) =-RDZY* ( S ( J I  , K ) +S { J l  , K I ) + 0 D l * V 0 ( J , K ) 

QS ( 2  )=DS( 2 ) /B 

_ DC  T  K -3 , M _ 

7  QS ( K ) =( DS ( K) -QS ( K  —  1 )  ) /HB3IK3 
TSf M)=QS(M  ) 

OQ  g  KK-2 ,  HI 
K=M 1~KK 

8  TS(K)=0S(K}-BS(K)*TS(K+1) 

_ DO  15  K=?  «  M _ 

15  S ( J  ,K  )  =  S ( J  ,K ) +0 MEGA* ( T  S ( K  3 -S ( J , K ) ) 

BV0C2 )  =  C ( J , 2 ) / 8 
DO  a  K-3  »  M I 

H A (  K )  =8— A  (  J  ,K  )  * BV  HK-U 
BVD(K)=C( J,K)/HA(K) 

_ OVO  (K)-FI(J,K)*V0(J-1,K)^2(J,K)  *VQ  (J+1,K)+GTY(J,K) 

3  CONTINUE 

DVO (2  )=-2*S(J ,2 )*A( J , 21/DDZ 
1±  F  H  •!  t  2  )  *  VO  (  J  -1 , 2  )  t  F  2  (  J  t  2  )  *  VC  (  J  +  1  ,  2  )  ±  GTY  (  J  ,  ?  ) 
nyo  ( '1  )  =  -2*S  (  J  ,  M  )*C  (  J  ,  M  3  /DO Z 
1+  FI <  J  ,  M ) *V0 ( J - 1 , M ) +  F2  <  J , M i *V0 ( J  +  l , M  )  +GTY  (  J  ,  M  ) 

_ Q VO ( 2 ) =0 VO ( 2 ) /B _ 

DC  4  K  =  3  »  M I 

4  QVO ( K ) = ( OVO { K  )  -  A  {  J  ,  K ) *QV0 { K-l )  } / HA { K ) 
TVO(M)*=(DVQ(M)-A(  J,M)*QV0(M1  >  )  /  ( 8~A( J  «  H1*BV0( Ml  )  ) 

DC  5  K  K  =  2 , Ml 

K=Ml-KK 

5  TVO  (  K  )  =  QVO  (  K, )  -6  VO  (  K  )  *T  VO  (  K+l) _ 

DO  2  K-2 , M 

V0(  J  ,K)=VO{  J,K)  +CMFGA*(TVG(K)-VO(  J  ,  K. )  ) 

2  CONTINUE 
RETURN 
END 


, 


. 


N 
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€  _ 

C  A  SUBROUTINE  FOR  FINDING  V  AND  M 

C 

SUBROUTINE  SUBVW  ( V  ,  W  »  S.) 

DIMENSION  VC41,4U  «ii(41  ,4  1),S(Vi,4l  ) 
COMMON  3, OMEGA, RDZ Y2 , RDZY , DDZ , DZ , DY 

_ COMMON  MI»M«M1  _ 

v , U  :  Y  t  z  DIR  VEL  *2  ( DZ  ,0 Y ) 

DO  L  K  =2  »  M 
W ( I r  K )=-2* S ( 2  ,  K  ) 

Wt M1,K)=2*S(M,K) 

DO  1  J  =  2 1  M 

_ V(J  tK?  =  5(  J»K+l)-S(  J.K-  U _ 

WU  ,K)=S(  J- 1 ,  K ) -S (  J  + 1 1 K  } 

I  CONTINUE 
RETURN 
END 


. 


c 

c 


A  SUBROUTINE  FOR  FINDING  FRF  ABO  NU 


SUBROL T  T  NF  FRENLSC  U  ,.T  ,PR  ,  FM.U  ,GT  ,  A1  f  SM) 

C  I M EN S  T  if !  U (4 1, 41 )  , T( 41 ,4 1  ) , GUI ( 41 ) ,GU2( 41 ! ,GT1 <  41 ) , 
1GT2  141 ) ,GT(41 } , TUAC41 ,41) ,UA<41 ,41) ,SA(41,41) , 

_2UMK (41)  , TUMKC  41 ) ♦ SMK (41 ) «GTV(41  .4  1  ) . GT 7 ( 41 . 41  ) . _ 

3PMUT (41 ) , U  P ( 4 1 )  ,Q1L(41),Q2L(41 ) 

CGI  MCN  B,OMEGA,RCZY2,RDZY,DDZ,DZ,DY 
COMMON  1 

1  141 FOB 

DY A=D Y^A 1 / ( 3*P  I  ) 

DC  1  J= 1 »  M  1 _ 

GUI ( J)=(-U( J,5) /4+4*U< J,4) /3-3*U( J,3) +4*U( J,2) ) /DZ 
GT1(J)=(-T(J,5) /4+4*T (J»4) /3-3*T { J , 3 ) +  4*T { J , 2 ) ) /DZ 
GU2  (  JJ={U(  JtM-3  )/4-4*U(  J* M-2 ) /3+3*UC J « MT  )  -4*1H  J,M1  l/Dl 
GT2C Jl*f Tt J*M-3 ) /4-4*T( J, H-2 ) /3 +3*T ( J , MI )~4*T< J,M) )/DZ 

1  continue 

Dv2  2  =  2*DY _ 

DZ22-2*0  7. 

DG  2  K=2,M 
DO  2  J  =  2,  w 

GTY( J,K)-{ T ( J+l ,K)-T( J— 1 , K ) ) /DY22 

2  GTZ ( J , K ) = (  T  (  J  ,  K  + 1 )  -T  {  J  ,  K- i )  )  / DZ  2 2 

DG  3  1=1. Ml _ 

GTV{ l , I)=0 
GTYCMl, I ) =0 
GTZ ( I » 1 )-GTl ( I ) 

GTZ  ( I t  H 1 ) =  G  T  2 ( I ) 

GTYC  I » 1 1=0 

3  GTY (  !  ,M1 )=Q _ 

DO  4  K~2 » M 

GTZ  (  1  ,K  )  =  <  T  (  1 ,  K  4-1 )  -T  (  1,  K-  1 )  )  /DZ  22 

4  GTZ (M] ,K)=(T(Ml,K+l)-T(Mi,K-l ) )/DZ2? 

DO  5  K  ~  l , M I 

rK I =K- 1 

Z=FKI/M _ 

PMUT  ( K  )  =PR*FMU*  (2*Z**4/3-4*Z**3/3+2*Z/3)+Z 
UP(K  )=4*{ Z-Z**2 ) 

DO  5  J -  l »  N 1 

U  A  ( J ,  K  )  -  U  P  ( K )  +  U  ( j ,  K )  /  2 

TUA ( J ,K)  =  ( T ( J ,K )-PMUT (K ) ) *UA<  J, K) 

5  CONTINUE _ 

GU 1M-GU1 ( 1  )  +GU1 ( ML ) +4*GU1 ( M ) 

GT1 M-GT 1 ( 1 ) +GT1 ( Ml ) +4+GT1 { M) 

G T 2 M  =  G T  2  (  1  )  +G  T2  (  M  l )  f  4 *G  12  (  M ) 

GU2M-GU2C l  )  +GU2C Ml ) +4*GU2 CM) 

DO  6  J = 3  »  M I f 2 

J  T  —  j  —  j _ 

GIJ1M=GU1M  +  GU1  (  J  I  )  *4-*-GUl  (  J  )*2 
GU2M=GU2M+GU2C J I )*4+GU2( J )*2 
GT1M^GT1M+GT1 f J I )*4»ST1 ( J )»2 


.(  ' 


<  ,s  ) 


6  GT2N  =  GT2M  +  GT?{  jn»4+r,T2<  J  )  *? _ 

GU1M=GUIM*DYA 

GU2M-GU2M*QYA 
GTLN=GT1M*DYA 
GT  2  H— G*T  2  H  *  D  Y  A 
DO  7  J  — I , Ml 

UHK  (  J  )  =IJA  (J,l)+UA(JtMl)+4*UA(JtM) _ 

TUMK { J ) =TUA{ J  , 1  )  +TUA( J, Ml ) +4*TUA( J, M) 

DC  3  K = 3  »  M I ,2 
K T  =  K-  1 

JM  K  (  J  )  =UMK  (  J  )  *U  A  {  J  ,  K  I  r*4+UM  J  » K  )  *2 
TUM  K ( J ) =  T  U  M  K { J } +TU A { J , K I ) *4+TU A ( J ,K)*2 

8  CONTINUE _ 

UMK< J)-UMK(J) *0Z/3 
TUMK{ J)=TUMK{ J ) *DZ/3 

7  CONTI HUE 

UM=UMK(  1 )  +UMK  (Ml)  4-UMK  (M  )  *4 
TUM=TUMK ( 1 )+TUMK( Ml J+TUMK ( M ) *4 

S M=  SMK  (  l  )  +  5MK  (  M  1  )  +  SHK  (  M  )  *4 _ 

DC  g  J=3,MI,2 
JI=J-1 

UM=UM+HMK{ J r ) *4»UMK( J )*2 
TUM=TUM+TUMK(  JI  )  *4  i-TU M K  {  J  )  ♦  ? 

<9  CONTINUE 

UM=UM*DVA _ 

TU'M=TCM*DYA 
S  M - 0.0 

HA~PR*FMU*2/3 
9 i=HA+l-6f 1M 
02= HA- 1+GT2M 

03=UM*PR*FMU _ 

TMl=TUM/UM 

TM2=TM1+1 

FR£1=A8S (4+GU1M/2  )/UH**2 
FRE2-AB$f-4+GU2M/2 )/UM**2 
FRE3=4/UM**2 

DO  10  J  =  1 ,  H 1 _ 

Q1L ( J  >  =  HA+ 1-GT1 ( J ) 

10  Q2L { J )=HA- 1 +GT2 { J ) 

WR  [  tp  (6,54  ) 

W  RITE (6,35)  ( 91 U  J ) , J=  1  L»M1 ) 

WR  TIE (6,55)  { Q2  L ( J ) , J  = 1 , M 1  ) 

N  R  I  T  E  ( 6 , 5  3  ) _ 

WRITE (6, 51)  GU1M,GU2M,GT1M,GT2M 
WRITE (6, 50) 

MRITE(6,51)  Ql,Q2,Q3,TMl,TM2 
WRITE (6, 52 ) 

WRITE  (6,51  )  FRE  l , FRE 2  ,  FRED , SM , UM 

50  TQRMAT(  2X,  26HTHESE  AP.E  Q  1 , 92 ,93  ,  TM1  ,  TM2  ? _ 

51  FORMAT (2X,5E15.  7) 

52  FORMAT { 2 X, 33 H THESE  ARE  FR E 1 , FRE 2 , FRE3 , M . $ .G , UM ) 

53  FORMAT ( 2X , 29HTHESE  ARE  GU1M,GU2M,GT1H»GT2M) 


.0 


?.b* 


54  FQRMAT(2X,48HTHCSE  ARE  LOCAL  M.T.RATF  at  H.ITTDM  ANO  TP 
*  P  PLATE) 

55  FORMAT { 11E12.4 ) 

RETURN 

END 


ADDENDUM 


After  the  thesis  was  submitted  to  the  examining 
committee,  the  auther  received  comments  from  Professor 
E.M.  Sparrow  of  the  University  of  Minnesota  reqardinq 
Chapters  V  and  VI.  He  suggested  that  detailed  experimental 
details  such  as  the  installation  and  arrangement  of  thermo¬ 
couples, measurements  of  velocity  and  temperature,  and  axial 
wall  temperature  variation  data  should  be  reported  for 
possible  future  reference.  In  addition,  he  pointed  out  that 
for  the  finite  amplitude  convection  in  plan°  Poiseuille  flow 
discussed  in  Chapter  VI,  the  maximum  velocity  U^  in  the  un¬ 
perturbed  flow  is  no  longer  a  physical  quantity  known  a 
priori  and  consequently  a  correlation  between  the  maximum 
axial  velocity  Uq  in  the  unperturbed  state  and  the  mean  axial 
velocity  U  must  be  provided  in  order  to  utilize  the  flow  and 
heat  transfer  results  presented  in  Chapter  VI.  This  addendum 
was  prepared  in  order  to  accommodate  Professor  Sparrow's 
valuable  suggestions  which  materially  contributed  to  the 
completeness  of  the  thesis. 

1.  The  locations  of  the  embedded  thermocouples  are  shown  in 
Fig.Al(a)  and  the  installation  of  a  thermocouple  is  illus¬ 
trated  in  Fiq.Al(b).  After  drilling  a  hole  with  1/16  inch 
diameter,  a  thermocouple  was  embedded  usinq  electrical  in¬ 
sulator  and  a  thermocouple  wire  was  led  in  the  transverse 
direction  outside  the  channel  plate  in  order  to  avoid  un¬ 
desirable  temperature  gradient  along  the  wire. 
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Location  of  embedded  thermocouples(plan  view)  and  installation 
of  a  thermocouple 
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2.  The  surface  temperature  of  the  flat  plate  was  measured  by 
using  iron-constantan  thermocouples  with  a  diameter  of  0.01 
inch.  These  thermocouples  were  connected  to  a  Speedomax  G, 
Model  S, 60000  Series  temperature  recorder  (Leeds  &  Northruo 
Company).  Two  typical  data  for  the  axial  variation  of  wall 
temperature  for  the  cases  of  negative/^  and  i^|-»-a)are  shown 
in  Fiq.A2(a)  and  ( b )  ,  respectively.  In  the  experimental 
study,  the  axial  temperature  gradient  was  determined  by 
taking  the  mean  value  for  the  axial  temperature  gradients  at 
the  lower  and  upper  plates.  The  axial  temperature  gradient 
at  the  lower  plate  was  based  on  the  temperature  difference 
and  distance  between  the  thermocouples  Nos.  3  and  15.  Simi¬ 
larly  for  the  axial  temperature  gradient  at  the  upper  plate, 
the  temperature  indicated  by  the  thermocouples  Nos.  4  and  16 
were  used.  It  is  noted  that  the  linear  variation  of  the 
axial  wall  temperature  is  very  satisfactory  for  both  upper 
and  lower  plates.  Regarding  the  uniformity  of  the  temperature 
distributions  in  the  transverse  direction,  it  is  noted  that 
the  variation  of  the  temperature  at  4  inches  from  the  axial 
center  line  (see  Fig.Al(a))  was  generally  found  to  be  less 
than  0 . 5°  F  as  compared  with  the  wall  temperature  at  the 
center  of  the  plate. 

3.  Temperature  and  velocity  measurements  were  made  by  using 
two-dimensional  traversing  mechanism  for  a  thermocouple  and 
a  hot-wire  probe  under  smoke-free  cond i t i ons . The  traversing 
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Typical  data  for  the  axial  variation  of 
wall  temperature  along  center  line 
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direction  of  this  device  was  adjusted  carefully  to  be  para¬ 
llel  to  the  edge  of  the  lower  plate  of  the  channel.  Dis¬ 
tance  between  the  location  of  measurement  and  the  exit  edge 
of  the  channel  was  also  carefully  checked.  A  block  with  a 
known  height  was  used  at  several  transverse  locations  of  the 
test  section  to  establish  the  reference  height  and  adjust 
the  final  leveling  of  the  traversing  device.  This  adjust¬ 
ment  was  repeated  before  each  series  of  tests.  The  tempera¬ 
ture  measurement  was  made  by  using  a  Leeds  &  Northrup  7555 
type  K-5  potentiometer  which  is  capable  of  detecting  a  volt¬ 
age  variation  up  to  0.1  microvolt  which  corresponds  to  a 
temperature  difference  of  about  0.003  °F.  The  velocity  mea¬ 
surement  was  done  by  using  a  Flow  Corporation  hot-wire 
anemometer  probe  W3  and  a  constant  temperature  anemometer 
Model  900-A.  The  hot-wire  was  not  calibrated  and  a  linear 
relationship  between  voltage  and  velocity  was  used.  As  can 
be  seen  in  Figs. 5. 3  and  5.4,  the  velocity  ratio  which  re¬ 
presents  the  voltage  ratio  shows  reasonably  good  agreement 
with  theoretical  curve.  This  observation  confirms  the  appli¬ 
cability  of  the  linear  relationship  between  voltage  and  velo¬ 
city  for  the  range  of  velocities  investigated. 

4.  The  definition  of  the  Reynolds  number  Re  =  U0h/(2t>)  in 
Chapter  VI  is  based  on  the  maximum  velocity  U Q  for  the  un¬ 
perturbed  flow.  The  Reynolds  number  Re  also  appears  in  the 
expression  for  the  characteristic  parameter  M  =Re  T  h/AT. 
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For  the  practical  utilization  of  the  flow  and  heat  transfer 
results  presented  in  Chapter  VI,  it  is  required  to  determine 
UQ  from  the  average  axial  velocity  U.  Fig. A3  shows  the  ratio 
3  U  /  (  2  Uq  )  versus  I R  a|  for  the  cases  of  yu  =0  and  /A=finite. 

By  using  this  figure,  the  parameter^  used  in  Figs. 6. 13  and 

6.16  can  be  transformed  into  a  new  parameter >/=Re  T  h/ a  T 

where  Re=Uh/(2^).  Similarly,  Fig.A4  shows  the  ratio  3U7(2Uq) 
versus  the  parameter-  P  r  R  e  R  a  r  for  the  case  with  1  m  1  <30  -  By 

using  Fig. A 4,  the  parameter  PrReRa^  used  in  Figs. 6. 14  and 

6.17  can  be  transformed  into  a  parameter  where  Re  is  based 
on  the  mean  axial  velocity.  It  is  well  to  note  that  the 
problems  treated  in  Chapters  III  and  VI  are  basically  simi¬ 
lar  except  the  geometrical  shape.  In  Chapter  III,  the  para¬ 
meter  PrRaC  is  finally  transformed  into  PrReRa  where  Re  is 
based  on  the  mean  axial  velocity. 
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F  i  q  •  A  3  3  U  /  (  2  UQ  )  versus  |r  a|  for  Pr  =  0.7  with  A*  as  a  parameter 


